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Landweber under the logarithmic source condition.  We also apply this method to

an inverse potential problem and show the numerical implementations.
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Chapter 1

Introduction

This chapter gives a brief introduction to nonlinear ill-posed inverse problem.

1.1 Inverse problems and ill-posed problems

Inverse problems are part of the most important mathematical problems that
occur virtually anywhere in part of sciences and in the other areas where mathemat-
ical method related. Inverse problems always come paired with direct problems.
However, the mathematical community has embraced what are now called direct
problems with a warmth not generally extended to inverse problems. The great
advances in science and technology have been made fessible by solving inverse prob-
lems. Those problems involve determining indirect measurement and observations,
remote sensing, finding the nature of an inaccessible region from measurements on
the boundary, and many others.  Accordingly, the inverse problems are interested

in many branches of mathematics.

Example 1.1. We consider the modified Helmholtz equation [12] as follows :

Au(r,y) — Ku(z,y) = f(v), 0<a<7m,0<y<+oo,
u(0,y) = u(x, y) =0 0<y < +oo,
uw(z,0) = 0,u(z,y)|lymee ~ is « bounded, 0<z<m
u(z, 1) = g(z), 0<z<m7

where g(z) is given function in L?(0,7), and f(x) is an unknown source. The
constant k is the wave number. We use the additional condition u(z,1) = g(x)
to determine the unknown source f(z). Physically, g(x) can be measured, there
will be measurement errors, and we assume the function ¢°(x) € L%(0,7) as the

measurable data which satisfies
lg =gl < 0.

where a noise level § > 0 represents a bound on the measurement error,|-|| is

L*(0,7) norm.



Example 1.2. We consider the one-dimensional steady-state diffusion equation

[6]
—(a(s)us(s)), = f(s), s€(0,1),
with the Dirichlet conditions
w(0) = o, u(l) =1

where ug and u; are real number. In the inverse problem, one gives internal
measurements of the temperature v and the heat source f and tries to recover the

temperature-dependent difussion coefficient a.

Example 1.3. We consider the problem of determining the shape of an unknown
domain D from information of its density and of measurements of the Cauchy data
of the corresponding potential on the boundary of a smooth and bounded domain.

In the direct problem, for a given domain D C Qg with a simply connected
bounded domain Qp of R? with a smooth boundary 9Qp, the solution u of the

boundary value problem satisfy

Au=xp in Qr~0D, (1.1)
u=0 on Qp, (1.2)

where xp is the characteristic function of the domain D. Tt is well-known [4] that

there exists a unique solution u € C? (g ~ 0D) N C* (QR) for x = xp as follows

u(t,xD):/Q G(t,s)$(s)ds:/DG(t,s)ds (1.3)

)

The inverse potential problem is to recover z from given y on 92z where

ou _
ay_y

where the Green’s function G : Qg X Qr — R is

R2
t——5s
5|

1 1
G(t,s) = %ln |t —s| — %ln (ER’

on 00p (1.4)

and v is the outer normal vector to the boundary 0f).
From [8], we have the uniqueness theorem of the inverse source problems as

follows.



Theorem 1.4. [8]. Suppose that either (1.1), D; and D, are star-shaped with
respect to their centers of gravity, or (1.2), D; and Dy are convex in x. If u(-, xp,)=
u(, Xp,) on Qg N\ D, then Dy = D,.

From (1.3), we can get

ou oG 21 pa(s)
bl il = P — Q 1.
0 (t,xp) o 90 (t,s)z(s)ds /0 /0 (r,t — s)rdrds,t € 0Qr (1.5)

where P(r,t) is the Poisson kernel.
Combined (1.4) with (1.5), we can defined an operator F : L*(Qr) — L*(Qgr),
satisfying

Fz) =y
where
[F(z)](t) = 4 aay—cé)(t,s)x(s)ds,t € 0Qg. (1.6)

In early 20th century , Hadamard who worked on problems in mathematics
believed that ill-posed problems do not model real-world problems. Hadamard’s

definition says that a problem is well-posed if it satisfied the following requirements,
3] :

1. Existence : The problem must have a solution.
2. Uniqueness : There must be only one solution to the problem.

3. Stability : The solution must depend continuously on the data.

A problem which is not well-posed is called ill-posed. If the data space is
defined as set of solutions to the direct problem, existence of a solution to the
inverse problem is clear. However, a solution may fail to exist if the data are
perturbed by noise. Uniqueness of a solution is often not easy to show. However,
the additional data have to be observed or the set of admissible solutions has to
be restricted using a-priori information on the solution. Stability of a solution to
the inverse problem is a serious numerical problem if one wants to approximate a
problem whose solution does not depend continuously on the data, then one has
to expect that the numerical solution becomes unstable.

The presented work concerns with a nonlinear ill-posed operator equation

F(z) =y, (1.7)



where the operator F' : D(F) € X — Y is nonlinear operator on domain
D(F) C X, X and Y are Hilbert spaces with inner products (-,-) and norms
| - ||, respectively. They can always be identified from the context in which they
appear. Due to the nonlinearity of (1.7) we assume all over that (1.7) has a solution

2 which need not be unique. We have the approximated data y° with
lv* —yll <o (1.8)

where 6 > 0 is a noise level. In this work, we assume the ill -posed problem (1.7)
in the way of the data on the right-hand is disturbed by noise. But the solution
has changed a lot, that is, the solution of problem (1.7) does not depend on the
change of right-hand data. Accordingly, the third well-posedness condition in the
sense of Hadamard is not fulfilled.

In 1990 H.W. Engl and his researcher at Johannes Kepler University, Linz,
Austria pushed the theory of the regularization methods such as Landweber itera-
tion and Tikhonov method [3}. Then, they proved the convergence of approximated

solution which obtained from Landweber iteration as follow
Tpy1 = Ty + F'(2,) (y — F(2,));n =0,1,2, ... (1.9)

where xo is an initial guess. The total error consists of two parts,i.e., the ap-
proximation and the data error. While the approximation error is a monotone
increasing function the data error is a decreasing one. To get a good approxima-
tion one has, in general, to estimate the parameter which is called regularization
parameter. Hanke et al.[5] choose the regularization parameter n according to a
generalized discrepancy principle,i.e., the iteration is stopped after N = N(y°,)
steps with

[y* = Fa3)|| < 76 < [|y* — F(x7)

0<n<N (1.10)

where 7 is a positive number. In addition to the discrepancy principle, F' satisfies

the local property in an open ball B,(z,) of radius p around z :
- - - 1
1F(x) = F(2) = F'(2)(z = D) < nl|F(x) = F@)] .0 < 5 (1.11)

with z,Z € B,(x¢) C D (F). Utilizing the triangle inequality yields

1

/ . . 1 , .
T+n [F(2)(z = 2)|| < [|F(2) = F(Z)] < - [F" () (2 — 2| (1.12)



to ensure at least local convergence to a solution z* of (1.7) in Bs ().
Next, Scherzer et al.[10] proposed other version of Landweber iteration
which an additional term a,(x, — () appears. To highlight the importance of

an additional term the iterative method can be written into this form
Tpi1 = Tp + F'(2,)*(y — F(x,)) — an(z, — (). (1.13)

Convergence rate results [10] for the Landweber iteration and modified
Landweber method were proven essentially under the Holder type source condition,

ie.,
rt —xo = (F'(z") Fl(x")w, v>0weX,

and in additional if the Fréchet derivativeof F' can be factorization in the following

form
F'(z) = R.F'(z), z € B,(xo)
where {R, : © € B,(x¢)} is a family of bounded linear operators R,: ¥ — Y with
R, =I|| <C Hx - x+H T € B,(zo)

where C is a positive constant and I: Y — Y is an identity operator.

The Holder type source condition above is recognized as a suitable smooth-
ness condition only for moderately ill-posed problems but not in certain severely
ill-posed problem, e.g. heat conduction and potential theory, see Hohage [7], For
such problems the logarithmic source condition can be use. Bdckmann et al.[l]
have already shown the convergence rate of Levenberg-Marquardt method under

the logarithmic source condition.

1.2 Outline of the Thesis

In this thesis we have two main parts. Firstly, we utilize logarithmic source
condition instead of the Holder type one in order to demonstrate the error analysis
of the modified Landweber method. As mentioned in [1], in many important
applications Holder type source conditions are too strong. They are not fulfilled
even if 7 — x4 is an element of a harmless function space. Thus, we will consider
function f such that continuous and strictly increasing as follows
(In$)=? for 0 <A <1,

(1.14)
0 for A =0,

f =t BN = {



where p > 0, and e is Euler’s number.In this work we will analyze the convergence
rate of the modified Landweber method (1.13) in a Hilbert space if the logarithmic
source condition is satisfied. Secondly, In numerical parts, we present the conver-

gence rate of the modified Landweber method for an inverse potential problem.



Chapter 2
Logarithmic convergence rate of the modified Landweber

method

As introduced in Chapter 1, we begin this chapter with the modified Landweber
presented by [10]

Tpr = a5 + F(23) (1 = F(3)) — an(z;, = O) (2.1)

where we set ( = xo. If the iterative method is applied to exact data y, then
we write z,, instead of z’. Moreover, we prove a convergence rates under the

logarithmic condition (1.14) with p = 1 and the usual sourcewise representation as
ot —zo = f(F' (@) F@))w, weX (2.2)

where ||w|| is sufficiently small and 2" is the exact solution of F(z") = y such
that 1 € D (F). In this section, we consider a convergence rate for the modified
Landweber iteration where {a,} in (2.1) is defined as follow

1 1
Qa, = §n_1/2, neN and  oy= 5

Before we state convergence rate for the modified Landweber iteration, we give

some auxiliary results concerning the coefficients o,

Lemma 2.1. Let I,;n € No, [ < n. If {es} satisfies 0 < as < 1, [10] then

n

1—H(1—as)=zaj [T t-a)<t.

s=l s=j+1

If moreover

oo
E y, < 00
n=0

then [])_, (1 — a,) is convergent and thus

H(l—an)—>1 as | — 0.

n=I[



We define the following notations :

K = F'(z7),

Lemma 2.2. Let K be a linear operator with |K|| < 1. Forn € N with n > 1,
eo := f(Nw with f from (1.14) and p = 1, there exists a positive constant C, 6,6

such that the inequalities
1A (I = K*K)"eo |- < C |lw] (In(n +¢))~" (2.3)
and
1ALK (I — K*K) el < Cllwl (n + 1)~ (In(n + €)) ™" (2.4)
are true where A, =[[1— (1= @), o; = Lim'% and ap =1

Proof By the spectral theory and (1.14), we have
7t

|AL(I — K K)eqll = ||[TTA =) (I — K*K) e

=0

n—1
< H I =) [|(F = K*K)"f(KTK)| [|wl]
=0
< sup - {1 =A)"(Ine—InN)"| }|w]|
xe (0,1 K|1%]

< sup {hy (M) {wl],

where h1(A) = (1 = \)"(1—=In)\)~!
First, we are looking for critical point on (0,1). Observe that

1 n

RN = (1—=X)"(1—In\)"! NI 1o

We define

1 _on
AMl—In)) 1-X
This means that a critical point of hy(\) fulfills hy(N) = 0.

For sufficiently large s > 1, there exists an ng(s) such that

1. (1+nn)—(1-1)
ha(0) =5 L1+ mn)(L—1)

ha(N) =

<0,



see Figure 1(a) and

1 (1-%)—2(1+shn)

) = L1 +shn)(1-1L)

hg(

ns

for all n > ng(s), see Figure 1(b).

-3.05

(a) (b)

Figure 1 (a) shows the graph of hz(1) < 0 and (b) shows the graph of ha(-%) > 0.

Thus, at least one critical point of iy has to lie in (n™%,n~ ") with n > {ng(s), 2}.
Since hj(=5) > 0and R)(+) < 0, this must be a local maximum point. Then

substituting A = e™, z € (0,00) into hy, we have
hi(e ™) = (1 —e )" (1 =1ne ") := hs(z).

One has to determine that hz has at most two critical points on (0, 00). Therefore,

we look for the roots of

and get
e’ =nr+n+1.

Thus at least one intersection point between the exponential curve y = ¢* and the

straight line y = nx 4+ n + 1 could occur. Furthermore, one concludes that if a
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second critical point exists, it only be a saddle point.

For 1 <r <swehaven™ € (n™* n"!) and

hin™) =1 —=n")"(1+rlnn)"" <r(lnn)"!

B0 20 (o 1))

< C(ln(n +e))™*

< s(

(")

where C' is constant and bounded independently of n.

So, h; also attains its maxmimum in (0, 1]. Thus
hi(A\) < C(ln(n +e))™*
for any A € (0, 1]. Note that above information imply
| A (I — K*K)"eo|| < Ojwl| (In(n +¢)) "

Similarly, in order to prove (2.4), we can proceed analogously. We have

n—1
|ALK (I — K*K)"eol| = || K [](1 = ai)(I = K*K)"eq
=0

—

n—

< [T~ e 1K@ — K75 (K| ]

i—0

~

IA

sup { A2 =A)"(lne—InA\)"!| }[w]
Ae(0,]1&(]

where vy (\) = AY2(1 — )21 = In\) ™!

Here, we estimate the square, i.e., we introduce the function
va(A) = (11 (A)? = M1 — A (1 —In\) 2

with v9(0) = limy_,0+ v2(A) = 0, see the figure 2 and v9(1) = 0. There exists the

derivative
2 2nA
‘M) =1 —=In\)?(1-N*" — 1.
Again using an auxilliarly function
2 2n A\
vs(\) = LAY

1—InA 1-2A
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0.047

0.037]

v, (%) 0.02-

0.017]

oy

908 g7 ==
10605
=043
= 0.2

A

Figure 2 The plot shows the graph of v3(\) for 1 <n < 4.

This means that a critical point of vy(\) fulfills v3(\) = 0. For sufficiently large

s > 1, there exists an ng(s) such that

1 2 2n
2N L 1
U3(n) 1+Inn n—1+ <,

see Figure 3(a) and

1 2 2n
v3(—)

n :1+slnn_ns—1

+1>0

for all n > ng(s) , see Figure 3(b).
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_O‘T_

(a) (b)
Figure 3 The plot (a) shows the graph of v3(1) < 0 and (b) shows the graph of

1)3(#) > 0.

Thus, at least one critical point of v; has to liein (n7*,n~!) with n > {ng(s), 2}.
Since vy’ (ni) > 0 and vy’ (%) < 0, this must be a local maximum point. Then

substituting A = e™*, x € (0,00) into vy, we have
va(eT®) = e % (1 —e )" (L=Ine ") 2 :=v4(x).

One has to determine that vy(z) has at mest two critical points on (0, c0). There-
fore, we are looking for the roots of
v (x)

vy(x)

=2ne (1 —e™)y ' —2(14a)'=1=0
and get
(x +3)e” = (2n+ 1)z + (2n + 3).

Thus, at least one intersection between the exponential curve y = (z + 3)e” and
the straight line y = (2n 4+ 1)z + (2n + 3) could occur. Futhermore, one concludes

that if a second critical point exists, it can only be a saddle point.
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For 1 <r <swehaven™ € (n % n!) and

< Cn) Y(In(n+e)) 2

Since (lnggze)) is bounded independently of n, so

u(\) < C(n) M2 (In(n + )™
<Cm+1)"*(In(n+e))"
where C is constant. Thus, we get
14, K(I — K*K)"e|| < C |lwl|| (n+ 1)~"?(n(n + ¢))~".
This completes the proof of our Lemma 2.2.
[

Proposition 2.3. Let the linear-operator K be bounded such that |K|| < 1 and
fori=1,2,...n, a; = %i*I/Q

with positive constant C, 6,6, 6’, E

and oy = % be given. The following estimates hold

<Cln(n+e) Hw| B (25)

n—1 7
Z Oén_j_l(l = K*K)J H(l — Oén_i)eo
j=0

i=1

< Gn+1)(n(n + )" ||| E.

7=0 =1

n—1 7
HKZ(In_j_l(I — K*K)J (1 . | (In_i)eo

(2.6)
Proof Firstly, we start with using the spectral theory that may proceed in the

same way as in Lemma 2.2 where n is substituted by j to show (2.5) as follow

o= s = a7 s
< ) e

< sup [ ()] wl]
xe(0,]1K1%]

<Cm(j+e) " ul. (2.7)
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Then, using (2.7), we obtain

n—1 ]
Z i1 (I — K*KY ﬁ(l — ()€

i=1
n—1 i
<2 ang1 ][]0 —an ) (1= K KYeo
7=0 i=1
n—1 J
<C H — ) (In(j + ) ] (2.8)
J=0 =1

Rewritting (2.8), we have

OZan A 1H = aney) (i)~ |l

=1
J
< CH’LUHZ% e [ (n(i+e)
1=1
+a0H ~ i) (In(n=1+e) " |w|. (2.9)

Substituting a; = 3i71/% into (2.9), we have

C||wHZOén ~i= 1H (L~ op) (In(j +e)) "

g [T (012 ) (= 160
= Ol 3 5 (s < BRI (3% Sy s )
+ % 1_1 (1 % 1/2> (In(n —1+¢€))" JJw| (2.10)



dn—4

Figure 4 The plot shows that n —j <4(n—j)—4for0<j<n-—1.

From figure 4, we know that n —j <4(n — j) — 4 and
(n=5)"2 < 2((n=4) = '
or
1 » ~1/2 -\ 1/2
w5 D gy

Using the fact that 1 — $(n —4)="2 <1 for i'=1,...,j, we have

15



Then, rewritting (2.10) by applying above information, we have

Cllat g tn—i =07 [ (1= 507" ) n e

+%ﬂ(1 Lo 1/2) (tn(n—1+¢))"" ]
<C||w||z TG ()

+1<j+1>*1/2 (in(n =1+ )" flw]

2
n—2 N -1/2 /. ~1/2
n—J J+1 , a1
<Ol ( ) ( ) (G + ) ( )
= n-+1 n-+1 n-+1

5G4 (o 14 o) ).

n =100

v Y |
6f —y=5n(n+e) (1 -1n"3)

Figure 5 Graph of (In(j +¢))~! and ¢o (In(n +e)) ™" (1 —1In <Z—H)) against j with

60:5.

From Figure 5, there is a positive number ¢y such

n+1

(G + €)™ < ¢ (In(n + €))~? <1 “n (” - ]>> |
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So (2.11) becomes

omm§jC“”) 2(;:1)“1m@+@>w;i1)

+§@+¢VWGMn—1+@YWwH

< oC(n(n+e) 7| I|Z n g\ (T (g (e !
coC (In(n +¢)) " fJw \n+1 n+ 1 SRS n+1

+%U+U*”®m—1+@YWMM (2.12)

The first summation of (2.12) is bounded by the integral

% () ) GG ()

< /1 S V21 = ) 21 = In(1 = x))da

<FKE
where E is positive constant and s := m So (2.12) becomes
n—2 N =12 ~1/2
n—j J+1 . a1
C 1
S (S () Taose(l)

+ L) S 0) )

< Clin(n+ P B3 G+ = o) ol (219

with C' = ¢oC'. From (2.13) there is ¢; € R such that 3 (j + D2 (In(n—1+¢) "' <
ci(ln(n + €)' E then

Glin(n+ )™ Jwll B+ 5 (417 (n(n — 1+ )™ Jul
< (n(n+e) ol [C+a] B
<C(ln(n+e)) ' uw| E (2.14)

with C = C' + cy1. Thus

< C(ln(n+e¢)" vl E.

J
KY [10 = an-e
=1
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Next, we will show the equation (2.6) in the same way of (2.5). We have

| (I = K*K e = HK (I - K*KY f(K*K)wH

< om {0 (o)

<G+ (I (i+e) . (2.15)

Using (2.15), we obtain

n—1 7
HKZ Ozn_j_l(] — K*K)J H(l — Oén_i)eo

j—O i=1

< Zan i 1H — v L5) HK(I <] K*K)jGOH

i=1
J

Z H o )G )7 (G 4e) T [l (2.16)
=0 =1
From the previous estimates we have [[/_;(1~a, ;) <1< (n+1)"Y%  a, ;1 <
(n—j)" Y2 Lim'2 forii=1,..,j , ap =14 and

(In(j + )" < co(In(n +€))~ (1 —In (n+1)). Then, we simplify the equation
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(2.16) as

E3 s [[0— G+ D7 (1nGs + €)™ o

=1

J

> oy [0~ 0w )G+ )72 0+ ) ]

)

<

+ o H(1 — ) 2 (In(n—1+¢)) " ||
< Cln+ 172wl 3 (0 = )72 (G 172 (InG 4 €)™
4 %n—m (In(n— 1+ €))7 [l

&+ 1) VﬂlHEI(Z;i) ) o ()

1 ,
+ §n_1/2(n + 1)_1/2 (In(n—1+e)) A [lwl]

< cC(n+ 1) (In(n + ) Jw)|

n—2 n—j ~1/2 P& —1/2 T Y, 1
— n+1 n+1 n+ 1 n+1

J

1 _
+ §n’1/2(n + 172 (In(n — 14¢)) " |lw||

X

= C(n+1)72 (In(n +e)" [Jw] B + %n‘”z(n +1) P (In(n—1+¢)7" |l
(2.17)

with €' = ¢oC. From (2.17) there is ¢, € Rt such that 1n=1/2 (In(n — 1+ ¢)) ™" <
¢y (In(n + €)' E then

.. 1
C(n+ 1)_1/2 (In(n + e))_1 ||w|| E + §n_1/2(n + 1)_1/2 (In(n — 1+ e))_1 [|wl|

< (1) (n(n + €))7 Jull [€ 4+ ] B
<Cn+1)7"2(n(n+e) " |w| E

with C = C + co. Thus

n—1 J
HK D an (I = K*KY T](1 = an-i)eo

j=0 i=1

< C(n+1)""(ln(n + )™ |lw] E.

This ends the proof of the Proposition 2.3. |
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Assumption 2.4. There exist positive constants cp, cr, ¢, and linear bounded

operator Ry : Y —Y such that for x € B,(x) the following condition hold

F'(z) = R, F'(z") (2.18)
IR, — I|| < cp ||z — 2| (2.19)
I Bell = Ml = cr (2.20)
1Rl < e (2.21)
where xt is exact solution of (1.7).
Lemma 2.5. Let Assumption2.4 be assumed. Then we have
1
| ani= Ry [ < SKlel (2.22)

for some constant Kr > 0.

Proof We note that reverse triangle inequality and (2.20) guarantee the estimates

IR, — 1|
] <AL Sen (-] 2.2
S T (2:23)

and

I+ R, X =RE I+ R < e W= R+ RE - (2:24)

I <
— R =]
Using the estimates (2.19), (2.21), (2.23), (2.24) and the triangle inequality, we

now have

|0 —anr - R, H% 0 =L+ Ry +% 1+ (1= )T - Ryy))| H
g% -+ a)T+Ry)|+5 H (1+ (1 —an)(I — RZ)
:% il HI+R;% 2—an|} H(I—Rzg)‘
< 5 [onest (1104 B2 ) +12 = ] 7 = B2
= 5[ et i+ e+ o= g ot - )
< 3 [ (Tl + ) +2) e Ja* — )|
< 3 Kllea

with the positive constant Kp = 1 [¢" (||I]| + ¢;) + 2] ez [
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Proposition 2.6. Let the condition (2.18) and (2.19) in Assumption2.4 be hold.
Then
1
17 () = F(a) = F'(@®)(ay — 2| < Sewllenll | Kenl (2.25)

for x € B,(zo).
Proof  Define wy=a"+t(xl —a27)as0<t<1. So

/0 CFlwpdt = F(e8) — F(ab). (2.26)

Using the mean- value theorem with (2.18) and (2.19), we obtain

!
N

0

|F(2d) — F(a) — F'(a") () — 21)|| < "(at + (28 —ah)) — F'(z%) (20 — 27)] dtH

P
[RAB) — P el - )] df|
[ kit Dty ><x5—x+>]dtH
s/ | R TH| /(%) (a8, — o)
< [ el et =) - - )

_CL/ (a0 S| dt || F () — )|

1
Ll )|
1
7 §CL lenll 1K enll . (2.27)

[ |
Now we present the main theorem of this thesis.

Theorem 2.7. Assume that problem (1.7) has a solution 2™ in By (z0), y? fulfills
(1.8), F satisfies (2.18) and (2.19). Assume that the Fréchet derivative of F' is
scaling such that [|[F'(z)|| < 1 for € Be(zg). Additionally assume that the
source condition (1.14) and (2.2) is fulfilled with p = 1 and
9 _

> ﬁ (2.28)

If ||w]|| is sufficiently small, then there exists a constant K> depending only on
=1 and ||w|| with

|a* — 28| < Ka(lnn)™! (2.29)
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and
|y° — F(a?)|| < 4Ks(n+1)"Y?(Inn)™! (2.30)
for 2 < n < N where N denotes in termination index of the discrepancy (1.10).

Proof We give the abbreviation e, := 7 — 2° for the error of the nth iteration

20 of (2.1). We can rewrite the equation (2.1) into this form
o =y = (1= o) (@® —ap) + F'(2,) (F(a3) = ) — an(ao — ™).
Since e, = 2t — 2% and K := F'(2"), we present e, as

eny1 = (1 —an)e, + F/(xi)*(F(mi) e y6) = (T — ,CL"+)
= (1—an)(I — K'K)ep+ (1 = ap) K*Ke, + F' (2°)"(F(2°) — °) — an(zo —
=(1—a,)(I — K*K)ep+ (L= ap) K* [F(20) = F(a") — K (20, — a™)]

+ [K* = F'(2))] (0= F(2))) = o K*(y° — F(x))

)
)+ (1= ) K*(y —y°)
— ap(zg — ™)

=(1—a,)(I — K*'K)e, + (1= o) K* [E(2%) = F(z") — K(20, — a™1)]
+ [K* —- K ;Zg] (v* = F(3)) — K (g = F(22)) + (1 — an) K*(y — %)

— ap(zo — )
=(1—a)(I —K*'K)e,+ (1= a,)K*[F(23) — F(z") — K(20, — a™)]

+ [ =@l = Rig | K (5, = F(a3) + (1 —en) I (5 = o)

— (o — ™). (2.31)
Rewritting the equation (2.31), we have

eni1=(1—a,) (I —K'K)e, + (1 —a,)K*(y — y5) —ap(zo—a27) + K2,
(2.32)

where

2 = [(1 = an)(F(y) = F(a™) = K@, — 2))] + [(1 = an)] = Ry )(y° — F(a3)).

n
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By recurrence and (2.32), we obtain the closed expression for the error

n—1 7
en = |An(I = K*K)" + > (I = K*KY JJ(1 - ani)] €0
§=0 i=1
n J
+ > (U-KKy " ]]0- ani)] K*(y—v°)
j=1 i=1
n—1 n—1
+Y [ —a)I - K KYK %, (2.33)
j=0 i=n—j

where A, = [/ (1 — a;). Moreover, it holds

n—1 J
Ke,=|KA(I - K'K)"+ K ay (I =KKYT[(1—an)|eo
§=0 i=1
n ' J
+ K| (=K K [0 —an) | K (y=1)
j=1 i=1
n—1 n—1
+ K> ] =) — K*K) K 2, ;. (2.34)
§=0 i=n—j

Next for 0 < n < N , using the discrepancy principle, triangle inequality , (1.12)
and (2.28), we get

l9° = F@)l| = 2{j¢° = F@)|| = o’ = F(a)|
< 9|y L Flad)| —rs
<2(|}y" = Ea)]| =)
<2(|ly"= Flam{l— v’ =vl)
<2|ly = F(z;)]|

2
<2 |Ken|. (2.35)
1—n

Using the Proposition 2.3, Proposition 2.6 and (2.35), we obtain

lzall < (1= ) [|F(a8) = Fa*) = K(ah = o) + ||(1 = an)T = By || [y - Pad
< La—an) el 1K enll cn + KR lleall (-2 ) [ Kenl
-~ 2 (67% €n Enll CL 2 R ||En 1_77 €n
< Ky | Ken llen] (2.36)

where K} = % + fi—f; and we use the fact that 1 — «,, < 1.

It hold that ||e, || is decreasing independently of the source condition for 0 < n < N,
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see Proposition 2.2 in [10].

Next, we show by induction that
leull < Ra(in(n + )~ (2.37)
and
| Ken|| < Ka(n+1)"*(In(n +¢)) " (2.38)

hold for all 0 < n < N with K 2 being a positive constant which does not dependent

on n. For [ = 0, we obtain

lleoll = Il (K"K )w]

< sup (Ine—~In\)~"||Jw]|
A€(0,1]

< HJwl]

< f?2
and

[ Keql| = [} f (KT K )wl]
< sup A V%(Ilne = In \) 74w

A€(0,1]
< lw]]

< Ky,
For | =1 we have
lexll = (1 = o) — K" K)eo + (1= o) K*(y — 3°) + aolro — 2%) + Kz
< S0 = K K)eoll + 5 [ = )] + 5 ol + 1]
< 5 ol + 50+ 5 ool + K1 ol

1
<l + 50 + Ky [lw]?

<lol+ 5 (= ) ol + Ka ol

< {1 i ] ol + K ]

1
2(1=n)(r = 1)
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where we choose the sufficiently small ||w|| that <2 + m> |w]| + 2K [Jw]]* <

K>. So |e1] becomes

lex]l <

|+ ) e+ 2
K,

| — DN

A

2
< Ky(In(1+e¢)) .
Similarly, for || Ke,||, we have
1 * 1 * ) 1 *
el < 3 I1K(— K K)eoll + 3 KK~ )| + 5 | Keoll + [ KKz

1 1 1~
< Ll + ol £ o2 5 0 5 R
3 1 IS
=5 llwll + Ko Ju* + 56+ 5
1
200 =n)(r - 1)
1 1~
lw|| + 5 K>
e (G
where we choose the sufficiently small ||w|| that (% + K ||w]| + m> |w]] <
0.01K>. So || Ke|| becomes

3 2 15
< Sl + Ky o) )+ 5,

3
— (24K
(2+ 1||w|]+2

[Keilf < 0.51K,
< Ko(1 4+ 1)7 2 (In(n +e)) 72

Thus, equations (2.37) and (2.38) are fulfilled since ||¢;|| and || K¢, are finite.
Assuming that (2.37) and (2.38) are true for all k¥ with 0 < k < n < N, we have
to show that (2.37) and (2.38) are true for all k = n.

Using Lemma 2.2 for n > 1 and Proposition 2.3, we rewrite (2.33) as follow

n—1 7

Zan—j—1<l — K*K)] H(]_ — Oén_i)]eo

j=0 i=1

lenll < [ An(T — K"K eo| +

J

>0 - K Ey 0 - an) Ky — o)

=1

3 <.
_
|
Ju

+ (1 — O{Z)(] — K*K)jK*Zn_j_l

—J

<
Il
o
o
Il
3
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By assumption || K|| < 1, see e.g. [9] or [11] cited in [5], we have

-1
ZI K*K)*K*|| < v/,
k=0

and

(I - K*KYK*|| < (j+1)""/2

With these bounds and ||e,||, we obtain

lenll < Clin(n+ €)™ w||+ C(ln(n + €)™ [lw]| £ + v/nd

n—1
+ ) GFD Y Nzniuall (2.39)
=0
where we use
n . 7 n .
I -KKY[A = an) K (y—y)| <D T - KKV K| |y — o
j=1 i=1 j=1
n—1
< DU =K K [y =)
k=0
< /no
and
n—1 n-—1 -1
YOI =)l — KKV K* 2, f < Z (L — KK K| || 21l
j=0 i=n—j J=0
n—1
<> G+ z0mgll-
=0
Then, using (2.36) to estimate the last term of (2.39), we obtain
n—1 n—1
DG AN ey S K Y6+ DT [Kewyall leayall (240

j=0 7=0
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and we apply the assumption of the induction (2.37) and (2.38) into (2.40) we have

[y

n—

(j+1)" 12 E —j— 1||

7=0
n—1
<K Y G+ 1) Ken i lenjal
7=0
n—1
SKIEDY (G+1)7(n—5)"(Inn—j—1+e)

= o

I .

. -1/2 .\ —1/2

= Jj+1 ! n—J . —2 1
K K? In(n —j—1 . (241
12.ﬂ(n+£) (@+1) (n(n=j—=1+e) "\ 7)) 24

Rewritting (2.41), we have

<

n—1

D G+ |zl
o) ) ]
zj§< A () [ ]

~ PN =R 1 In(n + e) 2
< K\ K2(1 -1 J .
< KiK5(In(n + e)) an (n—i—l) (n—i—l) <n+1> {In(n—j—l—i-e)}

We know from Figure 6 that —m@ 1 _ In(2=ly

.

—_

<

In(n=j—14¢€) n+1

The above equation can be estimated as follow

n—1

D GHD T 2l

j=0

n-1 , . ~1/2 L\ —1/2 12
~ +1 n—j 1 n—j
< K R2(1 N (LT 1-1 .
< Ky (In(n+e))” = (n—l—l) (n+1) (n+1> [ n(n—l—l)]
(2.42)

The last summation is bounded since with s := (n =y the integral

/1_5 e V21— 1) V2(1 = In(1 — 2))3dx
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e gy — _ Ininte)
¥ In(n—j—1+¢)

—y=1-Ia ()|

- -
L L il 1

-l-"
-
_______
———————

Figure 6 The plot shows the graph of ln(%?fi—e) <1- ln(%{) where n = 100 .

is bounded from above by a positive constant G independently of n. Substituting

the above estimation into (2.39) yields

len|l < Cn(n+ )t lwl] + Cn(n+€)) " [[w| B ++/nd + K1 K2(In(n + €))~'G
< [(C+TEB) Jull + K:R3G] n(n +¢)) 1+ Vs
< [(C+TE) juf + KeRE) (tn(n + e))~ +/o

with K3 := K;G.
Similarly, (2.34) can be rewritten as
n—1 i
|Ke,| < ||[KA, (I — K*K)"eol| + KZan,j,l([ —~ K*KY | [(1 — a,_i)eo
=0 i=1
n J
+|[KY (I =K K [ — ani) K*(y — o)
j=1 i=1
n—1 n-—1
+IE> ] =) = KKV K* 2,4
=0 i=n—j

By assumption ||K|| <1, see e.g. [9] or [11] cited in [5], we have

(I - K*KYKK*|| < (j+ 1)~
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and

n—1
HKZ([—K*K)’“K* <|[I-(I-KK) <1

k=0

With these bounds and || Ke,||, we obtain

[Ken] < Cn+1)72(In(n + €)™ wl| + C(n+ 1) (In(n + €)) " ||w]| E
n—1

+64+ > G+ D) |zl (2.43)

J=0

where we use

n J n
HK DI =K Ky [ =an ) E (y=y")|| < K> (I — KKy K| |ly — vl
j=1 i=1 j=1
n—1
=K (L= KK K| | lly — |
k=0
<1 = —-KK")"6
<4
and
n—1 n—1 . -1 -
HKZ ] 0 — ) =K Ky Kz || <D NI =K KV KK*|| |20l
j=0 i=n—j

7=0
n—1
D G+ el

J=0

IA
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We may estimate the last term of (2.43)

n—1

> G+ [zl

_ Klz?iZ(j +1)7 (0= )V (nn — j — 1+¢))72

~ . 3/2
— KlKQQZ(j + 1) (n - j)_l/Z(ln(n —j—14e¢))? (n 1 1)

-t (P (R -0 ()
x (n+1)7? (M)Q

In(n +e

= K\ K2(n+1)""2(In(n+ e)) ! ni:l (j o 1)'1 (n _ j)1/2

7 n+1 n+1

) <1n<nhi(?f?+ e)>2 (nil) (h(n ey
< KiK2(n+ D)7 (In(n +-))7Y)
[ ) ) ()
gKlK (n+ D72 (nn+e)) ™)
S

S TONE)) ()

Turning to consider the term in brackets [-] above. It can be estimated by

/1—5 71 —2)"Y2(1 —In(1 —2)%dz < H (2.44)

with a positive constant H independently of n. Substituting above information
into (2.43) yields

|Keall < [(C+ CB) ]l + KyR2H] (n + 1) /2(In(n + €)™ +6.

With K,= K, H , Ky=max {C +CE,C+ GE} , Kg:= max {K3, K4}, then we
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get
leall < [K Il + KoRZ] (In(n + €)™ + v/ (2.45)
and
[ Ken| < [K5 w] + Kﬁffg] (n+1)"Y2(In(n + €))L + 6. (2.46)
Because of (1.10) and (1.12) we have

76 < Hy‘s — F(mi)“
<|ly* =l + [ly = Fan)

1
<0+ —— ||Ken
L=
and moreover,

(1 =n)(T —1)5 < [[Ken]|
< [K5 ] KJ@} (n+1)"(n(n+e) ™t +46.  (2.47)
Due to (2.28) , © = (1L = n)(r —1) =1 > 0. We can rewrite(2.47) as follow
1 1
6<'5 [K5 [ K6K§} (n4- 172 (In( 4 e)) L. (2.48)

Furthermore, it follows

lenll < | Ks [lw]| + KGIA(S (In(n +€))™" ++v/né

IN

I [l + KoR3 | (n(n +e)) "+ \/g (65 Jwlt + KaR3) (n + 1) /2(In(n + )

IA

K5 |[w]| + KeK2] (In(n + )~

e+ 1)1/2 [é (K5 l|wl| + KG_}A{22> (n+ 1)—1/2(1n(n + 6))_1}

o
— K7 | K [ + KoK3] (n(n + )

< (1+1) [K5 ] +K6f(§] (In(n +e)) !
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In similar manner, we obtain
|Keall < [ K5 llwll + KR| (n+1)"2(n(n +¢)) 49
< K llwl + KsR3| (n+1)*(1n(n + €)™

1 N
+ 5 | lell + KoRE| (n+ 172 (n(n + )

< <1 + é) [K5 lw| + Kﬁfcg] (n+1)"Y2(In(n + ¢))
— K, [K5 lw]] + Kﬁfcg] (n+1)"Y2(In(n + €))L,

Finally, we select ||w|| such that K [K5 |lw]| + K6[A(§} < K,. This is always possi-
ble for sufficiently small ||w]|| and because e fulfills the source condition. Therefore,
the induction is finished. Thus assertion (2.29) yield due to

~ Inn
leall < Kg(

In(n+e)
and similarly, by using (2.35), we have

) (Inn)™' < Ky(lnn)™

||y5 _ F(xi)” < &I@(n +1)72(n(n + )t

< AKy(n+1)"2 <1n(1;:—ie)> (Inn)™"

< AKs(n+ 1) 2(n) k.
Thus, the assertion (2.30) holds. |

Theorem 2.8. Under the assumptions of the Theorem 2.7, we have
NY2(In N) < %
and
Hx+ — x?\,H < Cy(—Ind)™*
with some constant C, Cy > 0.

Proof We use the same notation as in the proof of theorem 2.7. We recall that

n—1 i
en =An(I — K*K)"eq+ Y anj1(I = K*K) [](1 = cnni)eg
§=0 i=1
n . J
+Y (I-KKY [0 —an )K" (y—¢°)
j=1 i=1

n—1 n—1

ST 0 oot KR

=0 i=n—j
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and ey = 2t — xg = f(K*K)w be selected from source condition (1.14). So

n—1 7
en=|AI = K*K)"+ > an_j (I = K*KY [[(1 = ans) | (K"K )w
§=0 i=1

]:1 =1
where
N—1 J
WN = AN(I — K*K)N + Z OéN_]_l(I = K*K)] H(l — aN—z)] w
7=0 =1
N-1 N-1
+ IT W=l = K*KY f(K*K)Zn—j
7j=0 i=N-—j

with ||zN—]—1|| = ||ZN—j—1|| ’j q Oa ]-727 cey N'=1
and f(K*K) = [} \Y2(n£)dEy = [} \/2(1~1InA)dEy. From lemma 4.1, lemma
4.3, see [2], and (2.37) — (2.38) we obtain

||U)NHSHAN(I_KU’< U)H—FZ(XN —j— 1H 1—OéN H I K* ]wH

N—-1 N-1
- Illf%\a K*KY FRK)|[ 2y
7=0 1=
N—-1 N—-1
<l + > (V=) ol + € 3G+ 172000 + 1) -1l
j=0 =0

=z

<V + Dl +C 3G+ )70 + DK [Ken—joallllew—ii

.
Il
o

=

SWHD wl+¢ ) G+1)” Y2 (In + 1)) K K5 (N = 5) 72 (In(N —j = 1 +¢))

<.
Il
o

<(N+1)[jwl+D (2.50)
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where D is a constant depending on w.

From (2.49), we conclude that

N
lexll < IF (K"K )wx | + Y (I = KK K| [ly =4
j=1
N-1
<N K)wyl| +|[ Y (1 - K*K)*K*||§
k=0

< | f(K*K)wy || + VNS.
From lemma 4.2, see [2], and (2.49), we have

|F(E* Ky < | (KK oy
< S(=10(3))" (N 4 1) [lw] + D]
< Cy(—hi(s)) !

)
=

where Cy =¢[(N + 1) |Jw| + DJ.
Thus, [ley|| < Co(—1n(8))~L ++/N5. We apply (2.48), then

(N +1)"2(n(n +¢)) < ;[Kﬂmﬂ+Kﬂ@]—

OﬂIQ

or
02
(N 4 1)(In{n+e))* < ¥
for some positive C'. For the fact that

NInN)* < (N+1)(n(n +€))* <

2
%3 (2.51)

we have

N(In N)? < %;

We use lemma 4.4 [2] with above information, we get
¢(=In(9))~

Sollen || becomes

Ve(—1n(9)) ™

lex|l < Co(—1n(d))~! + 5

= Cy(~In(8))"!
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Chapter 3

Numerical Examples

In this section, we focus on the example 1.3 such an inverse potential problem
that has already proven the numerical implementation demonstration of the con-
vergence rate under the logarithmic with the modified Landweber in the properly
condition. Firstly, we provide formulars of the operator F(x) and F'(x) by using
(1.5) and (1.6). If the poisson kernel given by

P(rt—s) = 27TR 7 Z ( ) cos(is) cos(it) + sin(is) sin(it)) ,

the nonlinear operator is expressed as

[F(x)] (t) = ﬁ i ' 2% (s)ds + ; m/o ' 72 (s) cos(is)ds cos(it)

T ;m/o Trxl“(s) sin(is)ds sin(it) (3.1)

where F': L?[0, 27] — L?]0,27]. Moreover, the Fréchet derivative of the operator

Fis
[ (@) " 2nR /27T
+ Z Rz+1 (/0 2" (s)h(s) cos(is)ds cos(it)

27r
+/ 2 (5)h(s)sin(is)ds sin(it)) (3.2)
0
see [1], for more detail. Recall the equation (2.1)
Ty = T+ F'(23)"(y° = F(a7)) — an(zh = () (3-3)

we set ¢ = dz,(s). Since X = L?[0,2n] and Y = L?[0, 27| we discretized [0, 27]
to m interval with the grid points 0 = ¢y, %1, ..., ¢, = 2m and 0 = Sg, S1, ..., S =
27. The sets {go(lm) Qo )} and {¢1m apim) } are the orthogonal bases in the
space L?[0,27]. The orthogonal base are dened with respect to the step length
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h™ := 27 /m,m € N by the piecewise continuous function with <p§.m)(s) =1 for
s € [sj-1,55] , w](m)(t) =1for ¢t € [t;_1,t;] and gogm)(s) =0, 1/1](m) (t) = 0 otherwise.

Note that X,, = span {cpg-m)} and Y, = span {@D(-m)} .Therefore
j= Jj=1,....m

for some vectors U™ = (u{™. . T, ¥ = {™ oSN and Z20m) = (2™ 20T

Applying the above information to (3.3) we have

Zv”“ 7 Zum) A () + B ()T — F(2(s))]

- an(z ugm)cpg-m)(s) — 0x.(5)). (3.4)

j=1
For j = 1 we will consider the inner product of (3.4) and wgm). We know that
an orthogonal bases is defined by the piecewise continuous function such that

goﬁm)(s) =1 for s € [s;.1, 5] and gpg.m)(s) = (0 otherwise. So for j = 1 we have

<Zv A 6. > <zum> g ,5m><s>>

. (3.5)
and
ivﬁ”’ (e (), 6(s) ) = > (¢ (s), 01" (5))
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Since ¢§m)(5) =0 for j # 1 and (3.6) we have
o™ (G(s), M (5)) = ud™ (™ (5), 4™(5) ) + (F @3 () [ (1) = F (i (s)], 017 (5) )
= anu™ (01"(), £ (5)) + n (52.(5), 1" (5) )

Next, considering <gp§m)(s), gpgm)(s)> we get

2T
(m) oy (m) > _
RO |

Using above estimation, then (3.7) becomes
of RO — R & (F @l ) (1) = [P ()] (1) ™ (5))
— apu{™h ™ o, <5:v*(s), gpgm)(s)> ) (3.8)
Dividing (3.8) by A" we have

(m) (m)

o™ L™ (R ) 0 E DI ™ )

m a?’L m
< gt {(s): o)) (39)
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Furthermore, we estimate the second term of the right - hand side of above equation

as follow

(F/@(5)" (0" (0) = [F(a55)] (1), ™ (s) )
= (V1) = [F(h(sD)] (8), F'((5)et™ (5))

= [ 0 - [P 0] [F o) )]

- [0 - ] 0] [ [ e 0
T Z_; 7TRli+1 (/o ’ xi(iﬂ)(s)tp( )(S) cos(is)ds cos(it)

b [ ) il sy )
- [T o= frson [# [
+ i 1 </081 220D (5) cos(is)ds cos(it)

+ / 22 (s) sin(is)ds sin(it))] dt
0

where we use R = 1 and (3.2). Using a technique for approximating the integral

with the trapezoidal rule and h( = %’r, we obtain

51 (m)
/0 20 (s)ds = el [xi(()) + xz(sl)] :

2
s1 ] h(m) - .
/ 220+ () cos(is)ds cos(it) = 731 [2201(0) cos(0) + 220 (s,) cos(isy)] cos(it),
0

and

(m)

s1 ) h . .
/ 220D (5) sin(is)ds sin(it) = 5 [xi(““l)(()) sin(0) + 220D () sin(isy )] sin(it).
0

So,

(m) 00 (m) . ‘
X [% (hT(xi(O) + xi(sl))) + Z% (hT (220D(0) cos(0) + 231 (s1) cos(is1)) cos(it)

h(m)

5 (2201 (0) sin(0) + 23 () sin(is1)) sin(it))] dt

+
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Let

Ay = 250(0) cos(0) 4+ 220+ (1) cos(isy)

B = xi(”l)(()) sin(0) + x (’H)( 1) sin(isy).

. / ) — [FEs)®)]]

L (nm 5 h(m) R(m)
X [% ( 5 (27,(0) 4 7 (51) ) + Z <—AZ1 cos(it) + 2—le sm(zt)) dt.
(3.10)
We use the right endpoint appoximation for above integral term as follow
=0 [y () — [Feh(s))@0)]]
k=1
1 (ht™ = R h
X [% (T(:Un(o) ) + ]Z:; (—Aﬂ cos(ity) + 5 —Bn sm(ztk)) ,
(3.11)

Applying (3.1) into term [F(z%(s))(¢)] in (3.10) we have

27

[F(z5(s))(t)] = i/o 7r(SL’fL(S))st ¥ 27 z1+2 3%2) (5) cos(is)ds cos(ity,)
+ ; ﬁ /0 ! 2202 (s) sin(is)ds sin(ity,).

We use the right endpoint appoximation for above integral term as follow

5 1
[Pln(e)) )] = = Z Z_: 7+2)

1
hm) Z 220%2) (5)) sin(is) sin(itk)] :

=1

=1
Define
plm)
C="71 (an(s1))?
=1
Dy, = h,(m) ix5(i+2)(sl) cos(is;) cos(ity,)
(i +2) — "
Eyi h i 2202) (5)) sin(is;) sin(ity, ).
(i + 2) "

(™ Z 2202 (5)) cos(is;) cos(ity,)

|
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Using the fact that z°(s) = > ug gogm)(s) for C, Dy; and Ej; we can rewrite
C, Dy; and Ey; as follow

=" i) = 13 ()

=1 =1

h(m m i+2
Dy, = Z < > cos(is;) cos(ity,)

(i +2) —
and
Eyi = v 1 %) ; ( )HQ sin(is;) sin(ity).
So,
[F(2(8))(t)] = C+ > (Dyi + ). (3.12)

=1

Substituting(3.12) into (3.10), we get

n - h(m)
——h(L)E O (¢ —C—E Dy + Eg; [—x50+x55
+ —m)A + —h(m)B 3.13
i t s t : .
JEZI ( 1 cos(ity) 5 1 sin(q k))} (3.13)

In the same manner of (3.13), we can define

q, = h(m Z [yk tk = e Z(Dm + Ek:z)
k=1 i=1

> (m)

h
+ Z < Ay cos(ity )+
Jj=

h(m)
KOS

_wBiT sin(@'tk))] ,
for r =1, ..., m where
220 (5, 1) cos(is,—1) + 220 (s,) cos(is,)
= (uf%)iﬂ cos(is,_1) + (uﬁm))i+l cos(is;)
and
Bj, = 220 (s, 1) sin(is,_1) 4+ 220V (s,) sin(is,)

i+1 ;
= (u,(fiq) sin(is,—1) + (u{™) i sin(is,).



Here we use 22 (s) = Y. | u

j=14;
Next, we consider <5a:*( ),

A"

(m) (m )(3).

P

)(s)>, where z,(s) = %n(?’s), then

(a6 70)) = (0D o))

It becomes

A=

We define

PAONES

T

@IQ«n
L

|Qn®|cq @Icn

18

6

2w
/ ) —|— Sln 38 gm)(s)ds
0

/51 5—|—sm 3s)
ds

5 + sin(3s)ds

(=%

1 o
55 — 3 cos(3s)}

S0

5(s1 — sg) — (% cos(3s1) — 3008(350))

| e N —|

[15h — (cos(3s1) — cos(3s0))] -

—
oo

V. [15h(m) + cos(3sg) — cos(3s1)] -

15 4 cos(35,_1) — cos(3s,)] -

From (3.9), for =1, ..., m, we have

42

(3.14)
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120 80

Figure 7 The polar plot shows the exact data (solid line) and the approximated
data (dashed line).

The plot demonstrate the numerical example for recovering z+ = %”(35). We
obtain data y by solving the direct problem for a test curve. For example, we
evaluate (3.1) for the test curve. The values for the Nauman boundary conditions
are provided by F(z) and F'(z). The result are demonstrated in Figure 7. The
program was written in MATLAB. Moreover, the number of iteration is 3 (n=3)
and the number of the grid points M is 200. We set the initial value xq= 0.4 +
smT(s.s) and § = 107% to be a noisy level. From the error estimation we have

Ha:* — J:f\,” < 3.6258. Unfortuately we cannot show the iterates that are stopped
by the discrepancy principle (1.10) such that will give the better solution.



Chapter 4

Conclusions

We solve the nonlinear ill-posed problems F(z) = y where the noisy data
y? € Y with [|y° — y|| < 6 are provided. We use the modified Landweber method
which proposed by Scherzer in 1998. We also include the additional term «,, =
%n‘l/ 2 into the Landweber method. The convergence rate is provided under the
specific source condition. In general, the source condition is the Holder type.
However, for severely ill-posed problems Hélder type source condition cannot be
applied. Therefore in this thesis, we consider the logarithmic source condition for

the modified Landeweber method. We found that
2T — 2} || < Co(~ o),

if NV is chosen according to the discrepancy principle.

Finally, we have employed the modified Landweber method to an inverse
potential problem which is to recover the characteristic function of the domain D
from information of its density and of measurements of the Cauchy data of the
corresponding potential on the boundary of a smooth and bounded domain. We
find the shape of an unknown domain D from given data y := %. We demonstrate

5+sin(3s) . .
—— - We simulate data y by solving

the numerical example for recovering 1+ =
the direct problem for a test curve, i.e. we evaluate (3.1) for the test curve z™.
The values for the Nauman boundary conditions are provided by F(z) and F’(x).
The result are demonstrated in Figure 7. The computer programing is written
in MATLAB. Moreover, we try to illustrate a plot of the error Hx+ — x‘}VH <
Co(—1Ind)~! . Unfortunately, we cannot show the iterates that are stopped by the

discrepancy principle (1.10) such that the better solution can be given.
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Appendix A

Lemma 4.1. [2/
Letp > 0 and k € Ny. The real-valued function f(\) = (1—\)*(In %/\(1))_” defined
on [0, 1], satisfies

fA) < C(nk)™"

with C' independent of k.

Moreover, for each p € R the real-valued function
)\ 7
() = (1— a2 (1o =20
90 = (1= A (1 =
defined on [0, 1], satisfies
J(N) < CE 2 (Ink)

with C' independent of k.

Lemma 4.2. [2]
Let p>1,C >0, and 6 >0 sufficiently small such that 1> (—1In(6C))~% > §. Let

/lexp(—((l — In(X)) 7)) (A = (X)) |dEswl]® = €.
0
Then
/1(1 —In(\))" [dEyw]?* < O(=1nd)=
0

with a generic constant C'.
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Lemma 4.3. [2/
Let p> 1,k € N,k > 2. Then there exists a constant D, which is independent of

k, such that
% G2 -\ 1 n(k+2) "\ _
: E+1 k+1 E+1\In(k—j5+1) -

=

(4.1)

(In(k+2)7 j=0k—1 (ﬁ 1)1 (:H)W : i 1 (1112(5;?1))% <D

Moreover, there exists a constant D (independent of k) such that

E
—_

G+ D720+ )P <5+ DTk -+ )P <D (42)

Il
o

J
Lemma 4.4. [2/
Let k be a solution of

E(lnk)* =

. ((—lrgg)zp)

(4.3)

< Q

Then k satisfies

T
I
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