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Chapter 1

Introduction

Throughout this thesis, unless stated otherwise, x,y, z are real numbers,
p always denotes a prime, a, b, k, £, m,n, q are integers, m,n > 1, ¢ > 2, and logx
is the natural logarithm of x. Recall that for each = € R, |x] is the largest integer
less than or equal to x, {x} is the fractional part of x given by {z} = x — |z,
and [x] is the smallest integer larger than or equal to z. In addition, we write
a mod m to denote the least nonnegative residue of a modulo m. We also use the

Iverson notation: if P is a mathematical statement, then

1, if P holds;
[Pl =

0, otherwise.
For example, [5 = —1 (mod 4)} = 0 and [3 = —1 (mod 4)] = 1. We define
sq(n) to be the sum of digits of m when n is written in base ¢, that is, if n =
(arar—1...a0)y = arq® + ap-1¢"7" + -+ + ay where 0 < a; < ¢ for every i, then
sq(n) = ag +ag—y+ -+ ap.
In this thesis, we study on several topics of factorials, binomial coefficients,
Fibonomial coefficients, and palindrome and have publications on these problems

(See [30, 31, 32]). So we divide this chapter into two sections.

1.1 Explicit formulas for the p-adic valuations of Fibono-

mial coefficients

The Fibonacci sequence (F,),>1 is given by the recurrence relation F,, =
F,_1+ F,_5 for n > 3 with the initial values F} = F, = 1. For each m > 1 and

1 < k < m, the Fibonomial coefficients (T]'Z)F are defined by

(m) = P IsEs - By :Fm—k+1Fm—k+2"'Fm
k F (FIFQFS"'Fk)(FlFQFg"'Fm_k> F1F2F3...Fk ’




where F}, is the nth Fibonacci number. If £ = 0, we define (ZL)F =landif k > m,

we define () » = 0. It is well known that ") - is always an integer for all integers

m > 1 and k > 0. So it is natural to consider the divisibility properties and the
p-adic valuation of (T]’;)F As usual, the p-adic valuation (or p-adic order) of n,
denoted by 1,(n), is the exponent of p in the prime factorization of n. In addition,
the order (or the rank) of appearance of n in the Fibonacci sequence, denoted by
z(n), is the smallest positive integer k such that n | Fy.

In 1989, Knuth and Wilf [19] gave a short description of the p-adic val-
uation of (Z‘) o Where C'is a regularly divisible sequence. However, this does not

give explicit formulas for (’z) Then recently, there has been some interest in

o
explicitly evaluating the p-adic valuation of Fibonomial coefficients of the form
(£Z)F. For example, Marques and Trojovsky [26, 27] and Marques, Sellers, and
Trojovsky [24] deal with the case b = a+1, a > 1. Then Trojovsky [45] give an ex-
act formula for v, ((5 :)F) where b > a > 1. Additionally, Marques and Trojovsky
25, 26, 27] and Marques, Sellers, and Trojovsky [24] find all integers n > 1 such
that (”:)  1s divisible by p-in the case p = 2, 3 and in the case that p is any prime
and n = p* for some a > 1. Ballot [6, Theorem 4.2} extends the Kummer-like
theorem of Knuth and Wilf [19, Theorem 2|, which gives the p-adic valuation of
Fibonomials, to all Lucasnomials, and uses it to determine explicitly the p-adic
valuation of Lucasnomials of the form (§Z)U, for all nondegenerate fundamental
Lucas sequences U and all integers b > a > 0, [6, Theorem 7.1]. In particular,
Ballot [6] investigates all integers n such that p | (p:)U for any nondegenerate

fundamental Lucas sequence U and p = 2,3 and for p = 5,7 in the case U = F.

Hence explicit formulas for the p-adic valuations of Fibonomial coefficients of the

O1p?

form ( tape

)F have been investigated only in the case ¢; = ¢, = 1 and the relation
D | (p:L”)F has been studied only in the case p =2,3,5,7 and a = 1.

In this thesis, we enhance Ballot’s theorem [6], Theorem 7.1, in the case
U= F and b > a > 0 and obtain explicit formulas for (ﬁ;gi)F, where /; and /¢,

are arbitrary positive integers such that £;p® > f,p®. This leads us to study the



p-adic valuations of integers of the factorial form

VP‘LJ, leb — ﬁzp“J,
— 1l or |———|1,
m m

where p = £1 (mod m). Then we extend the examination on (p(;") » to the
case of any prime p and any positive integer a. Replacing n by p* and p® by p,
this becomes the result of Marques and Trojovsky [27] and Marques, Sellers, and
Trojovsky [24]. Substituting a = 1, p € {2,3,5, 7}, and letting n be arbitrary, this
reduces to Ballot’s theorems [6]. So our results are indeed an extension of those
previously mentioned. As a reward, we can easily show in Corollaries 3.11 and
3.12 that (4:) - 1s odd if'and only if n is a nonnegative power of 2, and (8:) is

F
odd if and only if n = (1 + 3 -2%)/7 for some k = 1 (mod 3).

1.2 Reciprocal sum of Palindrome

Let n > 1 and b > 2 be integers. We call n a palindrome in base b (or
b-adic palindrome) if the b-adic expansion of n = (agar_1---ag), with a # 0
has the symmetric property ai—; = a; for 0 <1 < \_%J As usual, if we write a
number without specifying the base, then it is always in base 10. So, for example,
9 = (1001)5 = (100)3 is a palindrome in bases 2-and 10 but not in base 3.

In recent years, there has been an increasing interest in the importance of
palindromes in mathematics 1, 2, 3, 15, 23, 40|, theoretical computer science [4, 11,
14], and theoretical physics {13, 17]. For example, Pongsriiam and Subwattanachai
[36] obtain an exact formula for the number of b-adic palindromes not exceeding N
for all N > 1. There are also some discussions on the reciprocal sum of palindromes
on the internet but as far as we are aware, our observation has not appeared in the
literature. Throughout this thesis, we let b > 2, s, the reciprocal sum of all b-adic
palindromes, and s the reciprocal sum of all b-adic palindromes which have %
digits in their b-adic expansion. The set of all b-adic palindromes is infinite but
quite sparse, so it is not difficult to see that s, converges. In fact, Shallit proposed
the convergence of s, as a problem proved by Klauser in the Fibonacci Quarterly

[41, 42).



In this thesis, we obtain upper and lower bounds for s, which enable us
to show that sy 1 > sp for all b > 2 and s? — sp_185+1 > 0 for all b > 3. That is the
sequence (sp)p>2 is strictly increasing and log—concave. We also give an asymptotic
formula for s, of the form s, = ¢g(b) + O(h(b)) where the implied constant can be

taken to be 1 and the order of magnitude of h(b) is l‘ﬁb as b — oo. Our result

Spr1 > Sp for all b > 2 also implies that if by > by > 2 and if we use the logarithmic
measure, then we can say that the palindromes in base b; occur more often than
those in base by. On the other hand, if we use the usual counting measure, then we
obtain from Pongsriiam and Subwattanachai’s exact formula [36] that the number
of palindromes in different bases which are less than or equal to IV are not generally
comparable. It seems that there are races between palindromes in different bases
which may be similar to races between primes in different residue classes.

The reciprocal sum of an integer sequence is also of general interest in
mathematics and theoretical physics as proposed by Bayless and Klyve [10], and
by Roggero, Nardelli, and Di Noto [39]. See also the work of Nguyen and Pomer-
ance [28] on the reciprocal sum of the amicable numbers, the study of Kinlaw,
Kobayashi, and Pomerance (18] on the integers n satisfying ¢(n) = ¢(n+ 1), and
the article by Lichtman {22] on the reciprocal sum of primitive nondeficient num-
bers. In addition, Banks [7], Cilleruelo, Luca, and Baxter [12], and Rajasekaran,
Shallit, and Smith [38] have recently investigated some additive properties of palin-
dromes. Banks, Hart, and Sakata [8] and Banks and Shparlinski [9] show some
multiplicative properties of palindromes.

We organize this thesis as follows. In Chapter 2, we give some prelimi-
naries and useful results which are needed in the proof of the main theorems. In
Chapter 3, we give an explicit formula for the p-adic of Fibonomial coefficients
and some related results and apply it to obtain a characterization of the integers

n such that (p:) is divisible by p where p is any prime which is congruent to £2

F

(mod 5). Finally, in Chapter 4, we show upper and lower bounds, and asymptotic

formula for s;.



Chapter 2

Preliminaries and Lemmas

Recall that for each odd prime p and a € Z, the Legendre symbol (%) is
defined by

;

0, ifpla
a
2—9 =131, if a is a quadratic residue of p;

—1

\

, if a is a quadratic nonresidue of p.

Then we have the following result.

Lemma 2.1. Let p # 5 be a prime and let m and n be positive integers. Then the

following statements hold.
(i) If p > 2, then pr(%) = 0 (mod p).
(ii) n | F, if and only if z(n) | m.
(iii) z(p) | p+1 if and only if p =2 or—2 (mod 5), and z(p) | p— 1 otherwise.

(iv) ged(z(p),p) = 1.

Proof. These are well known results.For example, (i) and (ii) can be found in
20, p. 410] and [46], respectively. Then (iii) follows from (i) and (ii). By (iii),
z(p) | p£ 1. Since ged(p,p £ 1) = 1, we obtain ged(z(p),p) = 1. This proves
(iv). O

Lengyel’s result and Legendre’s formula given in the following lemmas are
important tools in evaluating the p-adic valuation of Fibonomial coefficients. We
also refer the reader to [26, 27, 24, 33| for other similar applications of Lengyel’s

result.



Lemma 2.2. (Lengyel [21]) For n > 1, we have

(
0, ifn=1,2 (mod 3);
va(Fn) = {1, if n =3 (mod 6);

va(n)+2, ifn=0 (mod 6),

\

vs(F,) = vs(n), and if p is a prime distinct from 2 and 5, then

v (FL) = Vp(n) + vp(Fup)), if n=0 (mod z(p)) :

0, if n #£ 0 (mod z(p)),

Lemma 2.3. (Legendre’s formula) Let n be a positive integer and let p be a prime.

Then .

k=1
In the proof of main results, we will deal with a lot of calculation involving

the floor function. So it is useful to recall the following results.
Lemma 2.4. [35; Theorem 3.3] Forn € Z and x € R, the following holds
(i) [n+a) =n+le],

(i) {n+a} =A{a).

—1, fr ¢
(ili) [z] + [—z] = &7~
0, ifx €7,
1—A{x}, ifx & Z;
) (== TS
0, if x € 7,
T y Z x ]-;‘
0 loty] = lz] + [v] f{a} +{y} <

L] + ly] +1, if{e}+{y} = 1,

(vi) Vz—JJ = |£| forn>1.



The next lemma is used often in counting the number of positive integers

n < x lying in a residue class @ mod ¢, see for instance in [37, Proof of Lemma

2.6).

Lemma 2.5. Forx € [1,00), a, ¢ € Z and q > 1, we have

ool e

1<n<z
n=a (mod q)

Proof. Replacing a by a + ¢ and applying Lemma 2.4, we see that the value on
the right-hand side of (2.1) is not changed. Obviously, the left-hand side is also
invariant when we replace a by a+ ¢. So it is enough to consider only the case
1 <a <gq. Since n = a (mod q), we write n = a+ kq where k > 0 and a+ kq < x.

So k < %. Therefore

W G TR

1<n<z 0<k<z=e
n=a (mod q) ] E

It is convenient to use the Iverson notation and to denote the least non-
negative residue of a modulo m by a mod m. Therefore we will do so from this

point on.

Lemma 2.6. Let n and k be integers, m a positive integer, v = n mod m, and

s = k mod m. Then

B e

Proof. By Lemma 2.4(i) and the fact that 0 < r < m, we obtain

R e R e

Similarly, L%J — k=5 Therefore L”—J is equal to

—k
m m




In Chapter 4, we handle a lot of estimation involving reciprocal sums. So

we recall the next lemma which plays a significant role in evaluating reciprocal

sums.

Lemma 2.7. [35, Theorem 4.6] Let a and b be integers such that a < b and f a

monotone function on [a,b]. Then

b

min{f(a), f(0)} < ) f(n) —/ f)dt < max{f(a), f(b)}.

n=a



Chapter 3
Explicit Formulas for the p-adic Valuations of Fibonomial

Coefficients

We organize this chapter as follows. In Section 1, we give exact formulas
for the p-adic valuations of certain integers. In Section 2, we apply the results
obtained in Section 1 to Fibonomial coefficient and then use it to characterize the
integers n such that (p:L") » 1s divisible by p where p is any prime which is con-
gruent to £2 (mod 5). Finally, in Section 3, we show some examples to illustrate

applications of Theorem 3.7

3.1 The p-adic valuation of integers in special forms

In this section, we calculate the p-adic valuations of V%GJ! and other

integers in similar forms.

Theorem 3.1. [30, Theorem 7] Let p be-a prime and leta >0, ¢ >0, and m > 1
be integers. Assume that p= +1 (mod m) andlet 6 = [¢ # 0 (mod m)|. Then

;

B a8} 4 (f) Fp=1 o m);
é @ a

\f%j? —als {40, (|£]), ifp=-1 (mod m) and a is odd.

We remark that if m = 1 or 2, then the expressions in each case of this theorem

are all equal.

We can combine every case in Theorem 3.1 into a single form as given in

the next corollary.
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Corollary 3.2. [30, Corollary 8] Assume that p, a, ¢, m, and § satisfy the same

assumptions as in Theorem 3.1. Then the p-adic valuation of L%J! is

=1 2]s- {ﬁ}[aa (mod 2)]

m(p— 1) m

+5EJ (1—2{%}) p=1 (mod m)] + v, Q%J')

Next we deal with the p-adic valuation of an integer of the form LW#J !
where a, b, {1, {5, and m are positive integers. It is natural to assume ¢,p® — lop® >
0. In addition, if @ = b, then the above expression is reduced to L%J I, which
can be evaluated by using Theorem 3.1.. We consider the case b > a in Theorem

3.3 and the other case in Theorem 3.4.

Theorem 3.3. [30, Theorem 9] Let p be a prime, let-a-be a nonnegative integer,
and let b, m, {1, Uy be positive integers satisfying b > a and (1p° — lyp® > 0.

Assume that p = £1 (mod m). Then the following statements hold.

(i) If p=1 (mod m), then

v, QML#J !> N\ (flpb_;zpei)(llia SN {gl 7;62 }—i—yp QW#J !) :

(i) If p = =1 (mod m)-and.a = b (mod 2). Fhen
v, ({MJ !) (L)t 1) {51 )- 52} =1 (mod 2)

m m(p — 1) m

£ EJ [0 % (5 (thod-m)] + v, QW—_&J !) .

m

(i) If p=—1 (mod m) and a £ b (mod 2), then

([255]) - D (5 e

- {gJ (61 # —L3 (mod m)] + v, ({MJ !) :

m

We remark that if m = 1, the expressions in each case of this theorem are equal.

Next we replace the assumption b > a in Theorem 3.3 by b < a. The
calculation follows from the same idea. Although we do not use it in this research,

it may be useful for future reference. So we record it in the next theorem.
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Theorem 3.4. [30, Theorem 10] Let p be a prime, let b be a nonnegative integer,
and let a, m, {, Uy be positive integers satisfying b < a and ¢1p°® — lop® > 0.

Assume that p = £1 (mod m). Then the following statements hold.

(i) If p=1 (mod m), then

s[5 - e ()

(ii)) If p=—1 (mod m) and a =b (mod 2), then

T e v T
C EJ 005 05 (wiod) m)) <, Q%WJ 1) |
(i) Ifp=—1 (mbd m) and a2 b.(mod 2), then
(A Y ) s e
A EJ i3 85(od M)A v, Q%WJ !) |

3.2 The p-adic valuations of Fibonomial coefficients and

some related divisibility

Recall that the binomial coefficients (7,?) is defined by

(m)_ ’Wle’f)" if 0 <k <m;

b 0, if k<0ork>m.

A classical result of Kummer states that for 0 < k <m, v, ((72)) is equal to the
number of carries when we add k£ and m — k in base p. From this, it is not difficult

to show that for all primes p and positive integers k, b, a with b > a, we have

b a
Vp ((p >) =0b—a, or more generally, v, <<€C)) =a —v,(k).
pa
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Knuth and Wilf [19] also obtain the result analogous to that of Kummer for a C-
nomial coefficient. However, our purpose is to obtain v, ((Tk”) F) is an explicit form.
So we first express v, ((7,?) F) in terms of the p-adic valuation of some binomial
coefficients in Theorem 3.5. Then we write it in a form which is easy to use in

Corollary 3.6. Then we apply it to obtain the p-adic valuation of Fibonomial

coefficients of the form (ZZZ)F

Theorem 3.5. [30, Theorem 11] Let 0 < k < m be integers. Then the following

statements hold.

(i) Let m' = [2|, k' = | %], and let r = m mod 6 and s = k mod 6 be the least

nonnegative residues of m and k modulo 6, respectively. Then
, m _, m’ N r+3 jr—s+3| |s+3 _g|r=s
*\\k/,.) 2\ K 6 6 6 6
m—k+6
-+ [T < 8]1/2 T y

(i) vs (%) ) = v ()

(i) Suppose that p is a prime, p # 2, and p # 5. Let m' = {ﬂJ, kK =

z(p)
{%J, and letr =mmod z(p), and s = k mod z(p) be the least nonnegative

residues of m and k modulo z(p), respectively. Then

w (1) )2 () b < ({2 ) +utrion)

By Theorem 3.5(ii), we see that the 5-adic valuations of Fibonomial and
binomial coefficients are the same. So we focus our investigation only on the p-adic
valuations of Fibonomial coefficients when p # 5. Calculating » and s in Theorem
3.5(i) in every case and writing Theorem 3.5(iii) in another form, we obtain the

following corollary.

Corollary 3.6. [30, Corollary 12| Let m, k, v, and s be as in Theorem 3.5. Let

e () ()= ()

and for each prime p # 2,5, let A, = 1, (L’(Z)J !> -1 <L(';)J !) ) (L’:(;;“J !).
Then the following statements hold.

|
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As, if r > s and (r,s) # (3,1),(3,2), (4,2);

Ay + 1, if (r,s) =(3,1),(3,2),(4,2);

i) 7 ((m) ) Ay +3, ifr <sand(r,s)#(0,3),(1,3),(2,3),
" (1,4),(2,4),(2,5);

AQ + 2, Zf (Ta 3) = (ng)a (173)7 (273)’ (1a4)7 (274)7

| (2,5).

(ii) For p # 2,5, we have

m Ay, ifr > s;
(1))

Ay + (), ifr <s.

In a series of papers (see [27] and references therein), Marques and Tro-

jovsky obtain a formula for 1, <(p b)F> only when b = a + 1. Then Ballot [6]

pa

extends it to any case b > a. Corollary 3.6 enables us to compute v, ((f;gi)F)

We illustrate this in the next theorem.

Theorem 3.7. [30, Theorem 13] Let a, b, ¢1, and ly be positive integers and

b>a. Let p#5 be a prime. Assume that l1p° > lyp® and let m, = Vlzp(:)aJ and
k, = u;)J Then the following statements hold.
(i) If a =0 (mod 2), then vy ((252)}?> is-equal to
(
Vo ((?j)) : if {1 = {5 (mod 3) or ¢, =0 (mod 3);

a+2+ vy (mg — ko) + 15 <(’Z;)) , if ¢4 =0 (mod 3) and ¢5 Z 0 (mod 3);

(%W + 1+ vy (Mg — k) + vy ((’Z‘;)) , if 64 =1 (mod 3) and ¢5 =2 (mod 3);

\ (a—;ﬂ + 15 ((?;)) ; if ¢4 =2 (mod 3) and {5 =1 (mod 3),
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022

and if a Z b (mod 2), then vy ((Zle)F> is equal to

(

2] ((7;;)) ; if {4 = —{5 (mod 3) or fo =0 (mod 3);
a+ 2+ vy (me — ko) + 15 ((’Z;)) , if {1 =0 (mod 3) and ¢5 Z 0 (mod 3);

[ ] + e ((?;)) ; if 4 =1 (mod 3) and ¢ =1 (mod 3);

L (%W + 1+ v (Mo — k) + 15 ((7;;)) , if 4 =2 (mod 3) and ¢, = 2 (mod 3).

(ii) Let p # 5 be an odd prime and let r = £1p° mod z(p) and s = lyp®
mod z(p). If p=+1 (mod 5), then

w((12) ) S <sdarinton k) + o)+ (7).

and if p = £2 (mod 5), then v, ((élpb)F> is equal to

Lop®

v, ((;j:)) , ifr =5 or ;=0 (mod 2(p));
a+ vy Fag) vyl = k) + v, (1))« Jif 2= 0 (mod =(p) and
by # 0 (mod =(p));
3+, (1)) if r> 5, 01,6, %0 (mod (p)),
and ais even;
S+ vy (Fug) £ (mp = k) + v, (1)), if 0 <8, 4,62 # 0 (mod 2(p)),

and a is even,

Gy (my — k) + 1 ((7;:)) ) if r > s, l1,0o Z0 (mod z(p)),
and a is odd;
() + 1 (1) ifr <5, .6, £ 0 (mod 2(p)),

and a s odd.
\

Remark 3.8. In the proof of this theorem, we also show that the condition r = s
in Theorem 3.7(ii) is equivalent to ¢; = 3 — 2(3Ja Z b (mod 2)] (mod z(p)). It
seems more natural to write r = s in the statement of the theorem, but it is more

convenient in the proof to use the condition ¢1 = ¢5—20s[a # b (mod 2)] (mod z(p)).
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Next, we calculate the 2-adic valuation of (22”) - and then use it to deter-
mine the integers n such that ( ) o (4") P (8")  are even. Then we determine the
p-adic valuation of ( ) for all odd primes p. For binomial coefficients, we know

that vy ((*")) = s2(n). For Fibonomial coeficients, we have the following result.

Theorem 3.9. [32, Theorem 7] Let a and n be positive integers, e = [n % 0
(mod 3)], and A = {W—lj Then the following statements hold.

3.2v2(n)

(i) If a is even, then

n

y2(<2 n> )—5+A—gg—y2(A!)—5+32(A)—ga,
F

where 6 = [n mod 6 = 3,5]. In other words, § =1 if n = 3,5 (mod 6) and

0 = 0 otherwise.

(ii) If a is odd, then

2%n a—1 a—1
V2<(n)F):5+A— 5 e — p(Al) =0 + s9(A) — 5

2

words,d_M if nisodd, 6 =0 if n=0 (mod 6), § = [”2(”W+1 if
n =4 (mod 6), and 6 = {—2 ] if n=2 (mod 6).

where § = "m°d6 st PN Ny {M-I [nmod 6 = 2,4]. In other

We can obtain the main result of Maques and Trojovsky [25] as a corollary.

Corollary 3.10. [32, Corollary §| (2:)F is even for all n > 2.

Corollary 3.11. [32, Corollary 9] Let n > 2. Then (4") is even if and only if n

n/F
1s not a power of 2. In other words, for each n € N, (47?)1? 1s odd if and only if

n =2 for some k > 0.

Observe that 2,22, 23 are congruent to 2,4,1 (mod 7), respectively. This
implies that if £ > 1 and £k =1 (mod 3), then (1 +3-2*)/7 is an integer. We can

determine the integers n such that (8:) is odd as follows.

F

Corollary 3.12. [32, Corollary 10] (?)F is odd if and only if n = # for some
k=1 (mod 3).
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Theorem 3.13. [32, Theorem 11] For each a,n € N, vg ((Sa”)F) = s ((5a”)) =

w. In particular, (5;")F 1s divisible by & for every a,n € N.

Theorem 3.14. [32, Theorem 12] Let p # 2,5, a,n € N, r = p®n mod z(p),

s =nmod z(p), and A = L n(p 1) J . Then the following statements hold.

PP z(p)

(i) If p= =1 (mod 5), then v, ((p:l")F) is equal to

pill - {p”P(”?Z(p)} —nlA) = % - {p””+2(p)} |

(ii) If p= =42 (mod 5) and a is even, then v, ((pZ")F) is equal to

A0 =2 )

(ili) If p= =42 (mod 5) and a is odd, then v, ((p;”) F) is equal to

L’illJ —agl[s?eo]_yp(A!H&

where § = (L#J + R4 vp(n)]r >8] +r< S]I/p(Fz(p))) [r # s|, or equiva-
lently, § = 0 ifr =35, 0 = LVPE")J +vp(Fopy) if r < s, and 6§ = {#W if

r>S.

In the next two corollaries, we give some characterizations of the integers

n such that (p;”) - 1s divisible by p.

Corollary 3.15. [32, Corollary 13} Let p be a prime and let a and n be positive
integers. If n =0 (mod z(p)), then p | (p(;")F.

Corollary 3.16. [32, Corollary 14| Let p # 2,5 be a prime and let a, n, r, s, and
A be as in Theorem 3.14. Assume that p = £2 (mod 5) and n Z 0 (mod z(p)).
Then the following statements hold.

(i) Assume that a is even. Then p | (p;")F if and only if s,(A) > §(p —1).

(ii) Assume that a is odd and p { n. If r < s, then p | (p:L”)F. If r > s, then
D | (p;")F if and only if s,(A) > %1(29 —1).
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(i) Assume that a is odd and p | n. If r # s, then p | (p;")
D (p;")F if and only if s,(A) > “2i1(p —1).

o Ifr =5, then

We also obtain some characterization of the integers n such that (p;”) »

is divisible by p where @ = 1 and p = £1 (mod 5) as follows.

Corollary 3.17. [32, Corollary 15] Let p # 2,5 be a prime and let A = p:;((’;)_zl()][)).

Assume that p = £1 (mod 5). Then p | (") . if and only if s,(A) > p—1.

3.3 Examples

In this last section, we give several examples to show applications of our
main results. We also recall from Remark 3.8 that the condition r = s in The-
orem 3.7(ii) can be replaced by ¢; = l5 — 20s[a Z b (mod 2)] (mod z(p)). In
the calculation given in this section, we will use this observation without further

reference.

Example 3.18. Let a, b, and ¢ be positive integers and b > a. We assert that for
¢ # 0 (mod 3), we have

Vs <(£22b>F) g [agﬂ (61es + 1LY, (3.1)

where ¢; = [ = 2 (mod 3)], &2 = [a = b (mod 2)], &} = [¢ = 1 (mod 3)], and
eh = [a £ b (mod 2)].-In addition, if £ = 0 (mod 3), then

Vo ((ZT) F) = b+ 2+ (). (3.2)

Proof. We apply Theorem 3.7 to verify our assertion. Here my = V’Qb_aJ and

ks = |4] = 0. So we immediately obtain the following: if a = b (mod 2), then

(

0, if (=1 (mod 3);

0.2
V2(< 2a) ): a+ 2+ vy(mg), if £=0 (mod 3);
F

ExlP if £ =2 (mod 3),

2

\
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and if a # b (mod 2), then

(

0, if =1 (mod 3);
0.2
Vo 9a =g a+2+wn(my), ifl=0 (mod3);
F
ExlF if =1 (mod 3).

\

This proves (3.1). If £ =0 (mod 3), then my = £ - 27 and vy(my) is equal to
va(ma) = v (£) + 15(2°7%) — 15(3) = b — a4+ v, (¢),

which implies (3.2). O

Example 3.19. Substituting /=1 in Example 3.18, we see that

(@)l sl

0, if a =0 (mod 2);
x (3.3)
[“H], ifa # b (mod 2).

Our example also implies that (3.3) still holds for the 2-adic valuations of (zb;c) o
720 5.20+1 13:2b

(‘30 )F’ ("% )F7 N )F7 etc.

Example 3.20. Let a, b, and £ be positive integers, b > a, and p a prime distinct

from 2 and 5. If p = £1 (mod 5), then

pa

i (1) )= sl 5] 1= 0 (oa o)

and if p = £2 (mod 5), then
0, if ¢ =1—2¢ (mod z2(p));

Vp

((ﬁpb> ) _ )bt (P +p(0), i £=0 (mod 2(p));

v 3 if £#£ 0,1 — 2¢ (mod z(p)) and a is even;

L4+ v (Fop), if ¢ #0,1 —2¢ (mod z(p)) and a is odd,

where € = [a # b (mod 2)].
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Proof. Similar to Example 3.18, we verify this by applying Theorem 3.7. Here

my, = Lip:—;J, k, = {T;)J =0, r = Ip® mod z(p), and s = p® mod z(p). We first

assume that p = £1 (mod 5). Then by Lemma 2.1, we have p = 1 (mod z(p)).
Therefore s =1, r = ¢ (mod z(p)), and
Ip°
Vp ((pa>F) = (a + v,(my) + Vp(Fz(p))) [0 =0 (mod z(p))].
Similarly, if p = +2 (mod 5) and @ = b (mod 2), then we obtain by Lemma 2.1
and Theorem 3.7 that

(

0, if =1 (mod z(p));

] < (pr) ): a + vy(my) A+ Vp(Fag), - if €= 0 (mod 2(p));
) p

1%

% if ¢ mod 0,1z(p) and a is even;

\“—;1 +(Fay); if £ 0,1 (mod z(p)) and a is odd.

In addition, if p = £2 (mod 5) and a # b (mod 2), then

p

0, if £ = —1 (mod z(p));
) ((ﬁpb> > N + Vp(np) +p(Fep))s i L= 0 (mod 2(p));
P 5 if ££0,—1 (mod z(p)) and a is even;
k%l + p(Elp))s if £ # 0,—1 (mod z(p)) and a is odd.

It remains to calculate 1,(m,) when ¢ = 0 (mod z(p)). In this case, we have

gpbfa .
vo(my) = vy ( ) O F ) — vy(=0) = b— a + ().
This implies the desired result. O

Example 3.21. Substituting ¢ = 1 in Example 3.20, we see that for p # 2,5, we

have

=

if p= =41 (mod 5) or a = b (mod 2);

, if p= 42 (mod 5), a # b (mod 2), and a is even;

=~
VR
VO
kNI
2 o
~_
T
~
|
vle

L+ v, (Fyp), if p=42 (mod 5), a # b (mod 2), and a is odd.
(3.4)

\
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Our example also implies that (3.4) still holds for the p-adic valuations of (p b:c) -
and ((z(p);upb)F. Similarly, for p # 2,5, we have

(

0, if p= =41 (mod 5);
2pb
" ((pa) ) B %’ if p=4£2 (mOd 5) and a is even; (3.5)
F

\aTil + vp(Flp), if p==£2 (mod5) and a is odd.

In addition, (3.5) also holds when (Q;ff) » isreplaced by (%’:)F for ¢ # 0, £1 (mod z(p))

and p # 2,5. Furthermore, replacing (iﬂb)F by ((z(p;:l)pb)F’ the formula becomes

0, if p==+1 (mod 5) or a # b (mod 2);

% it p=42 (mod 5), a =b (mod 2), and a is even;

L 4 v, (Flp),  ifp =242 (mod 5), a = b (mod 2), and a is odd.

Example 3.22. We know that the 5-adic valuations of Fibonomial coefficients
are the same as those of binomial coefficients. For example, by Theorem 3.5(ii)

and Kummer’s theorem, we obtain

() Gy St

for every a, b,/ '€ N with b > a. Similarly, v5 ((65;)1?) =b = a — v5(0) for every
a,b,? € N such that 5° > £ - 5%

Example 3.23. Let a, b, and ¢ be positive integers and 2° > ¢-2%. Let my = Vb;J
and ky = ng Then

(200 () (252 ) 5]

(3.6)
where 1 = [a = b (mod 2)], g2 = [{ = 2 (mod 3)], 3 = [a Z b (mod 2)], and
gg =[( =1 (mod 3)].

Proof. Similar to Example 3.18, this follows from the application of Theorem 3.7.

So we leave the details to the reader.
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Example 3.24. Let k > 2. We observe that

k_ . .
lﬁJ _ %, if k is even;
s 2010 i ks odd,
which implies,
2k
Vo ({;J) = [k =1 (mod 2)]. (3.7)
By a similar reason, we also see that for k > 3,
2k
Vo ({;J — 1) = 2[k =0 (mod 2)]. (3.8)

From (3.6), (3.7), and (3.8), we obtain the following results:
(i) if b—a > 2, then v ((3 /2 ) a2 b (mod 2)],

(ii) if b —a > 3, then vy ((52;)F> is equal to

[a Z b (mod 2)] + (

:1+(G;4}mzb0mﬂ2»

(iii) if b— a > 3, tHen ((62;)F) — [¢=b (mod 2)],
(iv) if b —a > 4, then s ((72;)}7’) = [a=b (mod 2)] + [*+] [a # b (mod 2)].

Example 3.25. Let p # 5 be an odd prime and let a, b, and ¢ be positive integers,
P’ > Ip®, m, = {%J, and k, = {%J. Then the following statements hold.

(i) If p=+1 (mod 5), then

i (1)) = vy oy = ) ) € 0.1 Gmod s (1
(i) 1t p = %2 (mod 5), then v, (1) ) is equal to
p ((Z’)) +e1e0ss ([ 5|+ vnlm = k) + e (R(0)))
+aea(l—5) (| 5]+l .0)) (3.9)

where g1 = [( # 0 (mod z(p))], g2 = [¢ # 1 (mod 2(p))], 3 = [b = 0 (mod 2)],
gg = [0 # —1 (mod z(p))], and €5 = [a = b (mod 2)].
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Proof. Similar to Example 3.20, this follows from the application of Lemma 2.1
and Theorem 3.7. Since (i) is easily verified, we only give the proof of (ii). The
calculation is done in two cases. If p = +2 (mod 5) and @ = b (mod 2), then
Vp ((;;Z)F) is equal to

(

v, ((’Z:)) , if £=0,1 (mod z(p));

5+ Up(Fap)) +vp(my — kp) + 1, ((?:)) , if£#£0,1 (mod z(p)) and a is even;

\GTH +v,(my — k) + 1 ((Z‘;’)) , if ¢ # 0,1 (mod z(p)) and a is odd,

—y, ((f)) a1z ([5] + g = k) + ey (Fug)

where 1 = [( Z 0 (mod z(p))]; e2 ={¢ # 1 (mod z(p))], and e3 = [b = 0 (mod 2)].
If p=42 (mod 5) and a # b (mod 2), then
Vp ((T]’:;’)) , if £ =0,—1 (mod z(p));

b
Yp (([ioa) ) BRAEREL ((?’)) . if ££0,—1 (mod z(p)) and a is
F D
T A lFap) v ((Z‘:)) . if £%0,—1 (mod z(p)) and a is

=, ((TZIT)) P4 (SJ + 53Vp(Fz(p))> ;

where €1, ¢e9,€3 are as above and g4 = [¢ # =1 (mod z(p))]. Let e5 = [a

b (mod 2)]. Then both cases can be combined to obtain (ii). O

Example 3.26. Let k& > 2. We observe that z(7) =8 and

V—kJ B %, if k is even;
8 T i g s odd.

Therefore
7k 7k
iz ({§J> =[k=1 (mod 2)] and vy ({gJ — 1) = 0. (3.10)
From (3.9) and (3.10), we obtain the following results:
(i) if b —a > 2, then v, ((;;)F,) = [a £ b (mod 2)],

(i) if b —a > 2, then v, ((97;)1?) = (|“2] + b= 0 (mod 2)]) [a # b (mod 2)],

even;

odd,
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(iii) if b —a > 2, then vy ((157;)1?) is equal to

l[a Z b (mod 2)] + ([gw +[b=0 (mod 2)]) [a =0 (mod 2)].

In Corollaries 3.16 and 3.17, we have the characterization of the integers
n such that (p:) 1 is divisible by p for p # 5. However, these do not give the such
characterization in the digital representation. We will show our solution of this
problem in the near future but, for now, we give our result when p = 11 in the

following example.

11n
n

Example 3.27. Let n be a positive integer. Then 11 | ( )F if and only if n is

not of the following form:

n=10m+k where 1 <k <9, m > 0, and the 11-adic representation of m
has the last digit <k and is increasing when we read it

from the left to the right.



Chapter 4

Reciprocal Sum of Palindromes

Throughout this section, x, y, z are positive real numbers, a, b, m, n, k,

¢ are positive integers, b > 2,

b—1 b%—1 b2
1 1 1
Ty = E —, Y = g —, and z, = E —.
m m m
m=1 m=b m=b+1

Note that x, = sp1, 2p/(b+ 1) = spo, and that

Theorem 4.1. [31, Theorem 1] We have

Y Ty Yo
T — <5< = and < s <
b p = S8 S bk =

Yo
bL J kA
Theorem 4.2. [31, Theorem 2| For every b,{ > 2, we have
20-1 20-1

(b—i—l) b+ZSbk+ bgl_ b_( ) b+zsbk+ s

(4.1)

for every k > 4.

In particular,

b+2 Yp Ty 221, b—|—2 1 2
— zZ _ = < < | — — .
(b+1> wEy b3+b(b—1)—sb—(b+1)wb+(b+b(b—1)>yb

Let b > 2 and let U, = U,(¢) and Ly, = Ly(¢) be the upper and lower

bounds of s, given in (4.1). We see that y, — 2, = 1);_21 and

20 —2) 2

0<Uy—5,<Up— Ly = (b— D)ot T

which converges to 0. We apply (4.1) and run the computation in a computer
to approximate s, by U, and L; with errors less than 10~% as the following table
below. In fact, if ¢ is large enough. we can find the first n digits of s, where n is

arbitrary.



Table 4.1: Upper and lower bounds for s,

b | Lower bound for s, | Upper bound for s,
2 2.378795704268652 2.378795711719233
3 2.616761112331746 2.616761117494096
4 2.785771526362811 2.785771533813391
5 2.920048244568022 2.920048252760022
6 3.033033181096604 3.033033186609329
7 3.131376859365746 3.131376866446013
8 3.218887858788806 3.218887860651451
9 3.297976950072639 3.297976955234989
10 | 3.370283258515688 3.370283260515688
11 | 3.436981687017363 3.436981696347511
12 | 3.498948958553883 3.498948963205244
13 | 3.556860134337803 3.556860136789592
14 | 3.611248238723658 3.611248240078865
15 | - 3.662542857892273 3.662542858672642
16 | 3.711096160282906 3.711096167733487
17 | 3.757201045822589 3.757201050696611
181 3.801104117340674 3.801104120607473
19 | 3.843015238782920 3.843015241020377
20 | 3.883114678846523 3.883114680409023

25

According to the table, we see that the upper bound for s, is less than

the lower bound for sy, 1, that is, U, < Ly,q for b=2,3,...,19 and large enough

f. So we have sy < 83 < 84 < -++ < S9g9. This observation leads us to obtain the

next theorem.

Theorem 4.3. [31, Theorem 3] The sequence (sp)p>2 is strictly increasing.

Recall that if we write f(b) = g(b) + O*(h(D)), then it means that f(b) =
g(b) + O(h(D)) and the implied constant can be taken to be 1. In addition, f(b) =



g(b) + Q4 (h(b)) means limsup,_,

f()—g(b)
o > 0

Theorem 4.4. [31, Theorem 4| Uniformly for b > 2,

(b2, (1, 2Y,
TN\ T )Y

This estimate is sharp in the sense that O* (

5logbd
b3

) can be replaced by ) ( =

26

5logb

- ) . (4.2)

logb) ]

Let Ay = (b+—2) Tp + (% + b%) yp be the main term given in (4.2). We can

b+1

use Theorem 4.4 to evaluate s, with errors not exceeding

l‘%b as the following table

below compared with the upper and lower bounds for s;.

Table 4.2: Estimate for s,

b | Lower bounds for s, | Upper bounds for s, | Approximations A, for s,
2 2.378795704268652 2.378795711719233 2.166666666666667
3 2.616761112331746 2.616761117494096 2.551587301587301
4 2.785771526362811 2.785771533813391 2.756835872460873
5 2.920048244568022 2.920048252760022 2.904490511993204
6 3.033033181096604 3.033033186609329 3.023623384120149
7 3.131376859365746 3.131376866446013 3.125212746440348
8 3.218887858788806 3.218887860651451 3.214609999834978
9 3.297976950072639 3.297976955234989 3.294875492907945
10 3.370283258515688 3.370283260515688 3.367956297787750
11 3.436981687017363 3.436981696347511 3.435186961914700
12 3.498948958553883 3.498948963205244 3.497532930652704
13 3.556860134337803 3.556860136789592 3.555721442141313
14 3.611248238723658 3.611248240078865 3.610317641886406
15 3.662542857892273 3.662542858672642 3.661771673430161
16 3.711096160282906 3.711096167733487 3.710449304915721
17 3.757201045822589 3.757201050696611 3.756652678610918
18 3.801104117340674 3.801104120607473 3.800634853047960
19 3.843015238782920 3.843015241020377 3.842610288601568
20 3.883114678846523 3.883114680409023 3.882762592688996
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Recall that by applying Euler-Maclaurin summation formula, we get

1 1 1 0.,
Z—zlogn+7+—— (4.3)
m

on  12n? + 60nt’

m<n
where v is Euler’s constant and 6,, € [0, 1]. The calculation of (4.3) can be found

in Tenenbaum [44, p. 6]. From this, we obtain another form of Theorem 4.4 as

follows.

Theorem 4.5. [31, Theorem 5| Uniformly for b > 2,

1 1 v 1 2logh 1 6logb
— logb T+ x| logbt—=—cn - * '

sp = log +’Y+<b+b+ 1> T +b+1 2b+ b2 126(b+ 1) © ( b?
(4.4)

This estimate is sharp in the sense that OF (%) 15 also €24 (hzigb)

Corollary 4.6. [31, Corollary 6] The sequence (sp)p>2 diverges to +oo and the

sequence (S — Sp—1)ps3 -converges to zero asb — oo.

Recall that a sequence (a;),>0 is said to be log-concave if a2 —a,,_1a,1 >
0 for every n > 1 and is said to be log—convex if a2 = a,-1a,+1 < 0 for every n > 1.
For a survey article concerning the log-concavity and log—convexity of sequences,
we refer the reader to Stanley [43]. See also Pongsriiam [34] for some combina-
torial sequences which are log—concave or log—convex, and some open problems

concerning the log—properties of a certain sequence.

Theorem 4.7. [31, Theorem 7| The sequence (sp)p>2 is log—concave.
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Abstract

We obtain explicit formulas for the p-adic valuations of Fibonomial coefficients
which extend some results in the literature.

1 Introduction

The Fibonacci sequence (F,)n>1 is-given by the recurrence relation F, = F,_y + F,_5 for
n > 3 with the initial values F} = F5 = 1. For each m > 1 and 1 < k < m, the Fibonomial
coefficients (7:) » are defined by

(m) _ F\FyFy---F, _ Fgpr Frngia - Fn
k F (F1F2F3' : Fk)(FlFQFg .- mek) F1F2F3 .. 'Fk ’

m

where [}, is the nth Fibonacci number. If £ = 0, we define (k)F = 1 and if £ > m, we define

("), = 0. It is well known that (7})

i is an integer for all positive integers m and k. So it

F
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is natural to consider the divisibility properties and the p-adic valuation of (7:) o As usual,
p always denotes a prime and the p-adic valuation (or p-adic order) of a positive integer n,
denoted by v,(n), is the exponent of p in the prime factorization of n. In addition, the order
(or the rank) of appearance of n in the Fibonacci sequence, denoted by z(n), is the smallest
positive integer k such that n | Fy. The Fibonacci sequence and the triangle of Fibonomial
coefficients are, respectively, A000045 and A010048 in OEIS [25]. Also see A055870 and
A003267 for signed Fibonomial triangle and central Fibonomial coefficients, respectively.

In 1989, Knuth and Wilf [8] gave a short description of the p-adic valuation of (T;j) o
where C' is a regularly divisible sequence. However, this does not give explicit formulas

for (’;j) »- Then recently, there has been some interest in explicitly evaluating the p-adic

valuation of Fibonomial coefficients of the form (;’Z)F For example, Marques and Trojovsky
[10, 11] and Marques, Sellers, and Trojovsky [12] deal with the case b = a + 1, a > 1.
Ballot [2, Theorem 4.2] extends the Kummer-like theorem of Knuth and Wilf [8, Theorem
2], which gives the p-adic valuation of Fibonomials, to all Lucasnomials, and, in particular,
uses it to determine explicitly the p-adic valuation of Lucasnomials of the form (5 Z)U, for all
nondegenerate fundamental Lucas sequences U and all integers b > a > 0, 2, Theorem 7.1].

Note that in the formula given by Marques and Trojovsky [11, Theorem 1] for U = F
and b = a + 1, only the case of a even is actually explicitly computed. It appears, using
the theorem of Ballot [1, Theorem 7.1|, that their stated result for a odd is correct only for
primes p for which p? does not divide F.(p), where z(p) is the rank of appearance of p in the
Fibonacci sequence. Also see Examples 16 and 18 in this article.

Our purpose is to extend Ballot’s theorem, Theorem 7.1, in the case U = Frand b > a > 0

and obtain explicit formulas for (ﬁ;;jfi

that ¢,p® > lop®. This leads us to study the p-adic valuations of integers of the forms

VP;“J! % {MJ ) (1)

)F, where ¢ and /5 are arbitrary positive integers such

m m

where p = £1 (mod m). For instance, we obtain in Example 17 the following result: for
positive integers a, b, ¢ with b >a, and a primep distinct from 2 and 5, if p = £1 (mod 5),

then
V ((pr) > f b+ vy (Fap) + vp(0),if 2(p) | £;
A\ ) & 0, otherwise.

Furthermore, if p = +2 (mod 5), then

0, if =1—2¢ (mod z(p));
’ ((W’> ) _ )b u(Fu) +ul0)., i €=0 (mod =(p));
"\\r /) g 5 if ¢ # 0,1 —2¢ (mod z(p)) and a is even;
anl + Vp(Frp)), if £# 0,1 — 2¢ (mod z(p)) and a is odd,



where ¢ = 1 if a and b have different parity and ¢ = 0 otherwise. We also obtain the
corresponding results for p € {2,5} in Examples 15 and 19. These extend all the main
results in [10, 11, 12] and Ballot’s theorem, Theorem 7.1, in the case U = F.

Recall that for each x € R, [x] is the largest integer less than or equal to z, {x} is the
fractional part of x given by {z} = = — |[z], and [z]| is the smallest integer larger than
or equal to x. In addition, we write ¢ mod m to denote the least nonnegative residue of a
modulo m. We also use the Iverson notation: if P is a mathematical statement, then

1, if P holds;
[P] = {

0, otherwise.

For example, [5 = —1 (mod 4)] =0 and [3 = —1 (mod 4)] = 1.

We organize this article as follows. In Section 2, we give some preliminaries and useful
results which are needed in the proof of the main theorems. In Section 3, we give exact
formulas for the p-adic valuations of integers (1). In Section 4, we apply the results obtained
in Section 3 to Fibonomial coefficients.” Qur most general theorem is Theorem 13. Finally, in
Section 5, we give the p-adic valuations of some specific sub-families of Fibonomial coefficients
of type (1), since generally, the more specific the family, the shortest the formula becomes.

For more information related to Fibonacci numbers, we invite the readers to visit the
second author’s Researchgate account [23] which contains some freely downloadable versions
of his publications [5, 6, 7, 13; 14; 15, 16, 17, 18, 19,20, 21, 22].

2 Preliminaries and lemmas

Recall that for each odd prime p and a-€ Z, the Legendre symbol (%) is defined by

P
0, ifp| &
a
(—) = N, if a is a quadratic residue of p;

—1, if @ is a quadratic nonresidue of p.

Then we have the following result.

Lemma 1. Let p # 5 be a prime and-let-m. andn be positive integers. Then the following
statements hold.

(i) If p > 2, then Fp_(%) =0 (mod p).
(ii) n | F,, if and only if z(n) | m.
(iii) z(p) | p+1 if and only if p=2 or —2 (mod 5), and z(p) | p— 1 otherwise.

(iv) ged(z(p),p) = 1.



Proof. These are well known results. For example, (i) and (ii) can be found in [4, p. 410]
and [26], respectively. Then (iii) follows from (i) and (ii). By (iii), z(p) | p £ 1. Since
ged(p,p£ 1) = 1, we obtain ged(z(p),p) = 1. This proves (iv). ]

Lengyel’s result and Legendre’s formula given in the following lemmas are important
tools in evaluating the p-adic valuation of Fibonomial coefficients. We also refer the reader
to [10, 11, 12, 15] for other similar applications of Lengyel’s result.

Lemma 2. (Lengyel [9]) For n > 1, we have
0, ifn=1,2 (mod 3);

ve(F,) = < 1, if n =3 (mod 6);
vo(n)+2, ifn=0 (mod 6),

vs(F,) = vs(n), and if p is a prime distinct from 2 and 5, then

(F,) = Vp(n) + p(Fapy)s ¢f n=0 (mod 2(p)) :
Su ifin #0 (mod =(p)),

Lemma 3. (Legendre’s formula) Let-n be a positive integer and let p be a prime. Then
> | m

Up(n!) = Z {—kJ .

w1 LP

In the proof of the main results, we will deal with a lot, of calculation involving the floor
function. So it is useful to recall the following results.

Lemma 4. Forn € Z and x € R, the following holds
(i) [n+z] =n+|x],
(i) {n+a} = {o},

(iii) |z| + |—=] = {O, ifre,
. 1Az}, ifr g7
() {=r} = {o, ifrez,

I (TR S e
(v) [z +y] {L$J+LZ‘/J+1> if {z} +{y} > 1,



Proof. These are well-known results and can be proved easily. For more details, see in [1,
Exercise 13, p. 72] or in [3, Chapter 3]. We also refer the reader to [14] for a nice application
of (v). O

The next lemma is used often in counting the number of positive integers n < z lying in
a residue class a mod ¢, see for instance in [24, Proof of Lemma 2.6].

Lemma 5. Forz € [1,00), a, ¢ € Z and q > 1, we have
T—a a
1= i 2
I i @

1<n<z
n=a (mod q)

Proof. Replacing a by a+ ¢ and applying Lemma 4, we see that the value on the right-hand
side of (2) is not changed. Obviously, the left-hand side is also invariant when we replace a
by a+ g. So it is enough to consider only the case 1 < a < ¢. Since n = a (mod ¢), we write
n =a+ kq where k > 0 and a 4+ kg < x. So k < :‘q;“. Therefore

= N (AR
1<n<z 0<k<z=a q q q
n=a (mod q) a

O

It is convenient to use the Iverson notation and to denote the least nonnegative residue
of @ modulo m by a mod m. Therefore we will do so from this point on.

Lemma 6. Let n and k be integers, m a positive integer, r-=.n mod m, and s = k mod m.

Then Vn_lkJ e {%J < s

Proof. By Lemma 4(i) and the fact that 0-< r.<-m, we obtain

RNHyaFeRaa

Similarly, L%J = % Therefore L”T_kj is equal to




3 The p-adic valuation of integers in special forms

In this section, we calculate the p-adic valuation of V’%J I'and other integers in similar forms.

Theorem 7. Let p be a prime and let a > 0, £ > 0, and m > 1 be integers. Assume that
p==+1 (mod m) and let 6 = [¢ # 0 (mod m)|. Then

Wl a(g)en (L), =1 tmdm),
v ({%J !) = %—:B — %45+, ([£]), if p=—1 (mod m) and a is even;
%—%5—{%}—1—1@({%J!), if p=—1 (mod m) and a is odd.

We remark that if m = 1 or 2, then the expressions in each case of this theorem are all
equal.

Proof. The result is easily verified when'a'= 0 or £ = 0. So we assume throughout that
a>1and ¢ > 1. We also use Lemmas 4(i), 4(vi), and 5 repeatedly without reference. By
Legendre’s formula, we obtain

(7)) -2 sl B2 LR = 5 - (F))

(3)

From (3), it is immediate that for m = 1, we obtain
a 4 pa__l
() =2 e,

So we assume throughout that m > 2.

Case 1. p=1 (mod m). Then, for every k£ > 0, p*¥ =1 (mod m) and

| (2D e e U ey

m m m m m

Therefore the sum 2?21 Vpa—fjJ appearing in (3) is equal to

a g (l—j _ a : a
3 (u+ FD _ (ﬁzpa-a> _a<£_ FJ) _ M_a{ﬁ}_
: m m m “ m |m m(p—1) m
Jj=1 j=1
Case 2. p = —1 (mod m). Then for k£ > 0, we have p* = 1 (mod m) if k is even, and

pF = —1 (mod m) if k is odd. Therefore

k ko k_
{@J:{M—kﬁJ:M—k{ﬁJ if k>0 and k is even,

m m m m m
k k k
ViJ _ {M_q :M+{_£J if k>0 and k is odd.
m m m m m



Therefore the sum » 7, Vp a_jJ appearing in (3) is equal to

Z L(p*7 —1 14 Z ((p*7 +1 14
- m m - m m
1<j<a 1<j<a
a—j=0 (mod 2) a—j=1 (mod 2)
14 4 14 14 14 14
— § a=j __ § — | = g — -
1<j<a 1<j<a 1<j<a

j=a (mod 2)

j=a—1 (mod 2)
_L(pt—1) a| (¢ 14 a—1
i G-
By Lemma 4(iii), we see that

Gl

-

m

Therefore if a is even, then (4) is equal to
lp*—1) ‘aft l aft 14
1) ke A (el
CApt=1) a | LN Hpt—1) a
- o) F et ) - = ~ 5
and if a is odd, then (4) is equal to

T R e D)

M =S AN
S
This completes the proof. O

We can combine every case in Theorem 7 into a single form as given in the next corollary.

Corollary 8. Assume that p, a, {, m, and 0 satisfy the same assumptions as in Theorem 7.
Then the p-adic valuation of V’%J! s

=) 45— {ﬁ}[aa (mod 2)

m(p—1) 2 m

+5SJ (1—2{%}) [p=1 (mod m)]+up<&J!). (5)



Proof. This is merely a combination of each case from Theorem 7. For example, when
p = —1 (mod m), the right-hand side of (5) reduces to

%— [gja— {%}[azl (mod 2)]+yp({%J!)

fr(LZ(’;:B — 25+, (L%J N, if a is even;
W (51— {5} 4w (8]0, Haisoda

which is the same as Theorem 7. The other cases are similar. We leave the details to the
reader. O]

Next we deal with the p-adic valuation of an integer of the form

b__ a
MJ! where a, b,
m

(1, Uy, and m are positive integers. It is natural to assume ¢,p® — fop® > 0. In addition, if

(1—L2)p®
m

a = b, then the above expression is reduced to [ J I, which can be evaluated by using

Theorem 7. We consider the case b > « in Theorem 9 and the other case in Theorem 10.

Theorem 9. Let p be a prime, let a be a nonnegative integer, and let b, m, {1, {5 be positive
integers satisfying b > a and £1p° — op® > 0. Assume-that.p = +1 (mod m). Then the
following statements hold.

(i) If p=1 (mod m), then

v, (lebr_nMJ !) 74 (glpb;?péi)(ga ~ L7 {61 ;f?} + v, (lebij !) :

(i) If p=—1 (mod m) and a =0 (mod 2), then

v, ({MJ !> G )t 1)) {51 —52} @ =1 (mod 2)]

m m(p —1) m

~ EJ [0, 2 £, (mod m)] “, QW—_&J !) .

m

(iii) If p=—1 (mod m) and a # b (mod 2), then

o[58 ) - [ s

- gJ [ £ —Ly (mod m)] + v, QW—_@J !) .

m

We remark that of m = 1, the expressions in each case of this theorem are equal.



Proof. The result is easily checked when a = 0, and as discussed above, if b = a, then the
result can be verified using Theorem 7. So we assume throughout that @ > 1 and b > a.
Similar to the proof of Theorem 7, we use Lemmas 4(i), 4(vi), and 5 repeatedly without
reference. Then, as for (3), we obtain

b — Oop® | b — fopai i 0P — fop@—i
qulpmsz!):ZTp mzp J“LZ{W m2p J

j=1 j=a+1
S| I — lypei Cipb— — ¢
:ZTP o] J+Vp({1p 2J!>' (©)
1 m m

We see that when m = 1, (6) becomes

(Elpb_a — b)) (p* —1)
p—1

So assume throughout that m > 2. We begin with the proof of (i). Suppose that p =

1 (mod m). For each 1 < j < a, we have

OpP=I — lyp ) | LptTi—ty = lop*™ — Uy n by — o
m A m n m
N OpP~1 = Lyp b, Uy — Ly e Vl - €2J

m m m

+u, ((p" " = 6)).

vy ((Gp” — Lop™)!) =

Then the sum 37, {%&J appearing in (6) is equal to

2 ks " L)
1<j<a

1<j<a

_ bt = D\ a1 [l - b
m p—1 m\ p—1 m

L s B 1) {u} '

m(p=1) m
This proves (i). So from this point on; we assume that p = —1(mod m). For each 1 < j < q,
we have
Op" = lop 7 | " = (=1)" B lop™ 7 — (=1)" 74y n (—1)" 74 = (=1)* 74y
m B m m m

B ARSI ES SHS AT 28

m m m

m

OpPTi—loptTI (=D (G —Ls) + L(—l)bﬂ'(fl—fz)J . ifa=b (mod 2);

ity (O] | GO | i g £ b (mod 2),

m m



Case 1. a = b (mod 2). Then the sum » 7, LMJ appearing in (6) is equal to

O oy b o (41 - £2> e { zl 1) J
m 1<j<a m 1<j<a m 1<j<a 1<j<a
(Lp” " = L) (p" = 1) (51 - 52) o { 51 - gz)J
= - + . (7)
m(p - 1) m 1;; 1<§j;a

Observe that
Z (1) = 0, if ais even;
)1, ifais odd.

So we have

3

(el ;£2> 3 (1 2 <€1 - f?) [a=1 (mod 2)].

1<j<a

It remains to calculate the last term in (7). If ¢; = ¢, (mod m), then we obtain by Lemma

A(iii) that
Z {( 1)b- €1 - 62 if a is even;
e Zl 82 . if a is odd;
Vl I/ £2J =1 (mod 2)].

Similarly, if ¢; # {5 (mod m), then we obtain by Lemma 4(iii) that

3 {(—1)”—751 —@)J - {%, N %fa ?S even:

1<j<a Vlmézj — 4=, b ais odd;

_ Vl _€2J a=7 (wod 2)) - |5].

m

In any case,

. { = _EQ)J S Vl _EQJ la = (mod 2)) = | 3| 16 # €2 (mod m)).

m

Therefore (7) is equal to

(LipP=* — £y)(p* — 1) (51 - 52) la=1 (mod 2)] + Vl - @J [a =1 (mod 2)]

( - 1) m m
- SJ [0, 2 £ (mod m)]

_ (€1pb—;zp£i)(11;a - 1) B {51 ;152} [a=1 (mod 2)] — LgJ (01 # {5 (mod m)].

10



This proves (ii). Next we prove (iii).

Case 2. a # b (mod 2). Similar to Case 1, the sum > 7, {MJ appearing in (6) is

equal to :
| “Lb;ﬁ%“” L ey
- (glpb_;ngi)%a U, (61#2) [a=1 (mod 2)] + Y {(_1)17_]-”(161 M?)J . (8)

1<j<a

If ¢, = —05 (mod m), then we obtain by Lemma 4(iii) that
Z {(—1)1’_7'(61 + EQ)J . Jo, if a is even;
m B L—%J , if a is odd;

155%a T {_gl +€2J [a =1 (mod 2)].

m

Similarly, if ¢; # —¢5 (mod m), then we obtain by Lemma 4(iii) that

Z {(—1)b_j(€1 + KQ)J N, =5 if a is even;
m B [=htl | asl T if g is odd;

: {_elgez | A 5]

In any case, > o, {HW#J = [=8tl g = 1 (mod 2)] — | 4] [¢1 # —{5 (mod m)].
Therefore (8) is equal to

(glpb;zpéi)(f;a =1 n (El T—;&) [a =1 (mod 2)}+ {

— EJ (01 £ —ly (mod m)]

_ (flpb:nzpﬁi)(f;a - 1) N {_51 7—;62} [a =1 (mod 2)] — LgJ [(1 £ —{y (mod m)].

> =1 (mod 2)]

_51 +€2J la

This completes the proof. O

Next we replace the assumption b > a in Theorem 9 by b < a. The calculation follows
from the same idea so we skip the details of the proof. Although we do not use it in this
article, it may be useful for future reference. So we record it in the next theorem.

Theorem 10. Let p be a prime, let b be a nonnegative integer, and let a, m, {1, {5 be positive
integers satisfying b < a and £1p® — lop® > 0. Assume that p = 1 (mod m). Then the
following statements hold.

11



(i) If p=1 (mod m), then

s[5 )) - e e (D)

(i) Ifp=—1 (mod m) and a = b (mod 2), then
v, QMJ !> _ (= lp)("—1) {51 - 52} b=1 (mod 2)]

m m(p—1) m

_ EJ 01 % £ (mod m)] + 1, Q%WJ !) |

(iii) If p=—1 (mod m) and a b (mod 2), then
" QMJ !) L = )t {61 MQ} b=1 (mod 2)

m m(p=1) m

h EJ (52105 (mod 0 v, QMJ 1) |

m

Proof. We begin by writing v, (LW#J !> as

i leb_j N fQPajJ 1 i Vﬂ)b*j A pra;jJ
J=1 j=b+1
The second sum above is v, ({%J !). The first sum can be evaluated in the same way

as in Theorem 9. We leave the details to the reader. O]

When we put more restrictions on the range of £; and (s, the expression v, ({W%J !)

appearing in Theorems 9 and 10 can be evaluated further.” Nevertheless, since we do not
need it in our application, we do not-give them here. In the future, we plan to put it in the
second author’s Researchgate account. So the interested reader can find it there.

4 The p-adic valuations of Fibonomial coefficients

Recall that the binomial coefficients (’;j) is defined by

(m) k,(lek),, if0<k<m
k 0, if k<Oork>m.
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k)) is equal to the number of
carries when we add k and m — k in base p. From this, it is not difficult to show that for all
primes p and positive integers k, b, a with b > a, we have

P’ p
' <(pa>) =b—a, or more generally, v, (( k)) =a —v,(k).

A classical result of Kummer states that for 0 <k <m, v, ((m

V.

Knuth and Wilf [8] also obtain the result analogous to that of Kummer for a C-nomial
coefficient. However, our purpose is to obtain v, ((’g) F) is an explicit form. So we first
express v, ((’;L) F) in terms of the p-adic valuation of some binomial coefficients in Theorem
11. Then we write it in a form which is easy to use in Corollary 12. Then we apply it to

obtain the p-adic valuation of Fibonomial coefficients of the form (ZZZ)F

Theorem 11. Let 0 < k < m be integers. Then the following statements hold.

(i) Letm/ = 2|, K = | %], and let r =mmod 6 and's = k mod 6 be the least nonnegative
residues of m and k modulo 6, respectively. Then

»((0),) - ) s ) [+
e daf|2e)),

(i) v5 (%) ) = vs (V)

(iii) Suppose that p is a prime, p-# 2, and p#5. Let m" = {%J, kK = {%J, and let
r = mmod z(p), and s =k mod z(p) be the least nonnegative residues of m and k

modulo z(p), respectively. Then

w () Veu (e s fal 22272 ) + nirn).

Proof. We will use Lemmas 4(i) and 5 repeatedly without reference. In addition, it is useful
to recall that for every a,b € N, v,(ab) =wp(a)=+v,(b) and if b | a, then v,($) = v,(a) — v, (D).
Since the formulas to prove clearly hold when k& = 0 or m, we assume m > 2 and 1 < k < m.

13



By Lemma 2, we obtain, for every ¢ > 1,

VQ(FlFQFg"'Fg> = E I/Q(Fn) + E VQ(Fn)
1<n<¥ 1<n</¢
n=3 (mod 6) n=0 (mod 6)

= > 1+ > (nn)+2)

1<n<¢ 1<n<¢
n=3 (mod 6) =0 (mod 6)

{43 14 .
- |52 2[5+ 3 e

6
1<5<§

(+3 14 .
= T +36 +ZV2(])

- . R EVAS

AN

Then we obtain from the definition of (7). and from (9) that

F

v ((Z) F) = 1o (F1 Fy - B (B Fy = Fof ).~ va(Fr Fy” - )
() BB - =224
v (|02 (222 e () (10)

The expression in the first parenthesis in (10) is equal to

{mgrﬂLTZSJ B {(m_r)ﬁ_(k—s>+r_g+3J 3 chersgBJ
:m(j_r+v—(fj_3J _(m—r)g(k—s)_ V—EJFBJ _k:gs_ {SJ@TBJ

NN ST

Similarly, the expression in the second parenthesis is

s(La)- 5] - 151) = =%

Therefore (10) becomes

((2)) -8 L5 o ()

14




where z = ™=k and y = %. By Lemma 4(v), we see that

S L
LRI () () + 1), i {o) + {y) > 1
. (), if {z}+{y} <1;
L) e

By Lemma 4(ii), we obtain

{m}z{(m_”g(k_‘g)ﬂgs}:{Tgs} and{y}:{kgs—i—g}:g.

Ifr > s, then {z} +{y} =15 +5 =5 ts=¢§ <1 Ifr <s, then we obtain by Lemma
4(iv) that {z} + {y} = {—56’"} +5=1~ %L +5=1+¢ > 1. Therefore

eyt ) itr>s; 12)
Lz]! |y ]! (7;/') (|28 ]) i recs.
Substituting (12) in (11), we obtain part (i) of this theorem. The calculation in parts (ii)

and (iii) are similar, so we give fewer details than given in part (i). By Lemma 2, for every

¢ > 1, we have
vs(F1Fy oo Fy) = Z vs(Fy) = Z vs(n) = vs(0)),

1<n</t 1<n</t

which implies

vy (<Z>F> = us(m)) v (hl) —ws((m 2 ) =vs ((Z)) .

For (iii), we apply Lemmas 2 and 1(iv) to obtain

vp(F1Fy - Fy) = Z Vp(Fn) = Z (¥p(n) + vp(Fap)))

1<n</ 1<n</
n=0 (mod z(p)) n=0 (mod z(p))
0
Z l/p(kz(p)) + \‘Z( ) VP(FZ(P))
1< P

2(

S0
() i

As in part (i), the above implies that

(7)) = (Fidh) + o+ = Lo = oDl Fa). (13

15



m—

where z = W and y = ( 7. In addition, if 7 > s, then {z} 4+ {y} <1 and if r <s, then

{z} +{y} > 1. Therefore (13) can be simplified to the desired result. This completes the
proof. O

By Theorem 11(ii), we see that the 5-adic valuations of Fibonomial and binomial coeffi-
cients are the same. So we focus our investigation only on the p-adic valuations of Fibonomial
coefficients when p # 5. Calculating r and s in Theorem 11(i) in every case and writing
Theorem 11(iii) in another form, we obtain the following corollary.

Corollary 12. Let m, k, r, and s be as in Theorem 11. Let

e (352521

and for each prime p # 2,5, let A, = v, (L";)J !) — U <{#J !) — U (V;(—;H !). Then the

following statements hold.

(A, if ' >5 and (r;s) #(3,1),(3,2),(4,2);
Ay + 1, af (r,s) =(3,1),(3,2),(4,2);

N m Ay + 3, afr <sand (r,s) #(0,3),(1,3),(2,3),
i ((7),) (L4). (2., (2,5);

Ay +2, if (r,8)=1(0,3):(1,3), (2,3), (1, 4),(2,4),
\ (2,5).

(ii) Forp # 2,5, we have

m Ay, ifr > s;
KRN’ ) BTN '
F ot (Fap), ifr<s.

Proof. For (i), we have 0. < <5 and-0 <'s <'5;80 we can directly consider every case and
reduce Theorem 11(i) to the result in this corollary. In-addition, (ii) follows directly from
(13). O

In a series of papers (see [11] and references therein), Marques and Trojovsky obtain a

formula for v, ((§Z)F) only when b = a + 1. Then Ballot [2] extends it to any case b > a.

Corollary 12 enables us to compute v, <(25§)F> We illustrate this in the next theorem.

Theorem 13. Let a, b, {1, and ly be positive integers and b > a. Let p # 5 be a prime. As-

sume that l1p® > lyp® and let m, = Vlﬁ;) J and k, = {%J Then the following statements
hold.

16



(i) If a =b (mod 2), then vy <(e12b)F> is equal to

l520
Vs ((7322)) , if (7 =0y (mod 3) or fs =0 (mod 3);
a+ 2+ vy (me — ko) + 15 ((?;)) ; if (7, =0 (mod 3) and 5 # 0 (mod 3);
(2] + 1+ 1o (mo — ko) + 12 ((’222)) , if ty =1 (mod 3) and ¢, =2 (mod 3);
(<] + v ((Zf)) , if {, =2 (mod 3) and {3 =1 (mod 3),
and if a # b (mod 2), then vy <(232)F> is equal to
(1/2 ((’Z;)) , if {, = —ly (mod 3) or f, =0 (mod 3);
a+ 2+ vy (my —ky) + 15 ((7:22)) { if (7, =0 (mod 3) and 5 #Z 0 (mod 3);
(] + v, <(’,’§22)> , if ¢4 =1 (mod 3) and ¢ =1 (mod 3);
\ [2] 4+ 14 1o (Mo — kg) + vy ((TZ;)) , if ¢; =2 (mod 3) and ly =2 (mod 3).

(ii) Let p # 5 be an odd prime-and let r = £1p® mod z(p) and s = lop® mod z(p). If
= +1 (mod 5), then

w ((42) )t stamstng —sym(rao) (7))

and if p = £2 (mod 5), then v, ((lz”’b)F> is equal to

Lop?

(yp ((’::)) , if r=s orts=0 (mod z(p));
a+ vp(Fup)) + v (mp—kp) +1 ((?:)) . if 6= 0 (mod z(p)) and
ly# 0 (mod z(p));
s+, (1) if 1575, 1,6 £ 0 (mod 2(p)),
and a is even;
S+ vp(Fly) + vp (my — k) + 1 ((’Z:)) , ifr<s, l,0y #0 (mod z(p)),

and a 1s even,

GTH + v, (m, — ky) + 1, ((Z‘:)) , if r > s, 1,0, £ 0 (mod z(p)),
and a is odd;
4 v, (Fap) + <(7Z§)> : if r <s, 1,0y 0 (mod z(p)),

and a is odd.

\
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Remark 14. In the proof of this theorem, we also show that the condition r = s in Theorem
13(ii) is equivalent to {1 = o — 203]a # b (mod 2)| (mod z(p)). It seems more natural to
write r = s in the statement of the theorem, but it is more convenient in the proof to use
the condition ¢; = ly — 20s[a #Z b (mod 2)] (mod z(p)).

Proof of Theorem 13. We apply Corollary 12 to calculate v, ((ZSZ)F> with m = 0,20, k =

052%, v = (12° mod 6, and s = £,2° mod 6. For convenience, we also let ' = ¢; mod 3,
and ' = ¢, mod 3. Therefore Ay given in Corollary 12 is

e[S () (25w

By Corollary 8, the first term on the right-hand side of (14) is equal to

51(217_31 —U_ V’; 1J 03 % 0 (1od 3)] %1} b =0 (mod 2)] + Q%J !)
_ (1(2"31 -1 {b; 1J b £ 0] — %/[b =0 (mod 2)] + v, ({%J !> . (15)
Similarly, the second term is
62(2%31 - _ V K 1J [52£:0] %/[a 210 (mod 2)] + v, (V;J 1) . (16)

To evaluate the third term on the right-hand side of (14), we divide the proof into two cases
according to the parity of a and b.

Case 1. a = b (mod 2).. Observe that £; = ¢ (mod 3) if and only if ' = §’. In addition,
e {7"'55/ and L%J = —[1" < §'].-Then by Theorem 9, the third term on the

right-hand side of (14) is equal to
(4207 — ¢
s aes("5))

b—a __ a—1 __ s
(012 E;)(Q 1) _{r 35 }[az (mod 2)] — {
gb—a _ 9a—1 _q I —1
— ( t2)( ) _ (T oy [ < s]) [a =0 (mod 2)] — { J [r' # &
3 3 2
2b7a _
Recall that my = €12§_GJ and ky = |2]. Since b — a is even, 2°°* = 1 (mod 3) and we

obtain by Lemma 6 that
(1200 —¢
\‘%J =mgy — ko — [’I“, < S/].

18



Therefore 1, <LW+_£2J !> is equal to

va(mal) — [r' < s va(ms — ky) — v <(m2mf""k2>') .

By Corollary 8, v5(my!) is equal to

G2 -1 b_a[r’ # 0]+ 1y <V§1J !> '

3 2

We substitute the value of vy ({WTLZZJ !) in (17) and then substitute (15), (16), and (17)

in (14) to obtain A;. We see that there are some cancellations. For instance,

r—([a =0 (mod 2)] = [b =0 (mod 2)}) =0.

=) 252 ()
Then we obtain

Ay — — V_TlJ 0% V;J (/)2 0 [ < #1][a =0 (mod 2)]

a
2

and

+ V o) 1J [ # &+ == A0+ [ < S a(may — k) + v ((Z")) S (18)
Next we divide the calculation of A, into 4 cases:
e Case 1.1. ¢ = {5 (mod 3) or f5 =0 (mod 3),
e Case 1.2. £; =0 (mod 3) and {5 # 0 (mod 3),
e Case 1.3. £; =1 (mod 3) and ¢, = 2 (mod 3),
e Case 1.4. £; =2 (mod 3) and {3 =1 (mod 3).

Since the calculation in each case is similar, we-only show the details in Case 1.1 and Case
1.2. So assume that ¢; = ¢, (mod 3). Then 7/ ='s" and (18) becomes

Ap =~ V’%J 0]+ V;lj £ 0+ S £ 0 ((le))

Since — V)_TIJ + L%IJ + b_T“ =0, we see that Ay = 1 ((?;)) Next if /5 = 0 (mod 3), then

s’ = 0 and the same calculation leads to Ay = 1 ((7;:22)) Next assume that ¢; = 0 (mod 3)
and lo #Z 0 (mod 3). Then 7" =0, s’ # 0, and (18) becomes

Ay — V . 1J +]a =0 (mod 2)] + VT_lJ va(ma — o) + v ((Zj)) |
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Observing that the sum of the first three terms above is equal to a — 1, we obtain Ay =

a—1+ve(mg — ko) + s <(TIZ;)> The other cases are similar. Therefore A, is

(1/2 ((7;:22)) , if {4 = {5 (mod 3) or f5 =0 (mod 3);
a—14wvy(mg— ko) + 1o ((’Zj)) , if /1 =0 (mod 3) and ¢y #Z 0 (mod 3)
|2] + 1o (ma — ko) + 11 ((’,?;)) . if ¢, =1 (mod 3) and £y = 2 (mod 3);

)

55t 4o (1)), if ¢, = 2 (mod 3) and £, = 1 (mod 3).

)

k2
Recall that r» = /12" mod 6 and s = (52 mod 6. Therefore

0, if ¢, =0 (mod 3);
r= <2, ifbiseven and ¢; =2 (mod 3) or if b is odd and ¢; = 1 (mod 3);
4 if bis even and ¢; = 1(mod 3) or if b is odd and ¢; = 2 (mod 3),

and
0, if ¢ =0 (mod 3);
s =142, ifaisevenand o =2 (mod 3) or if ¢ is odd and ¢, = 1 (mod 3);
4 if ais even and ¢y = 1 (mod 3) or if @ is odd and ¢, = 2 (mod 3).

0,2b
0522

Case 1.4 as before. Then we consider the values of r and s in each case, and substitute A, in
Corollary 12. This leads to the desired result. Since the calculation in each case is similar,

To obtain the formula for 15 (( )F>, we divide the calculation into 4 cases: Case 1.1 to

m2

we only give the details in Case 1.3.-In this case, Ay = %] + va(mo — ko) + 15 ((kQ)),
(r,s) = (2,4) if @ and b are odd, and (r;s) = (4,2) if a and b-are even. By Corollary 12, we

obtain
(<€12b> ) Ay + 2, if a and b are odd;
14 =
2\ \ 20 F As+1, ifa and b areeven,
a m
F 3 ’75—‘ + 1+ I/Q(mQ » kg) + 15 ((k;)) ,

as required. The other cases are similar.

Case 2. a # b (mod 2). The calculation in this case is similar to Case 1, so we omit some
details. By Theorem 9, the third term on the right-hand side of (14) is equal to

(6,20 — 6;)(2“—1 -1 {_%} (=0 (mod 2)] — V = 1J 0y % 0, (mod 3)]

o Q—“S - @J !) . (19)
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Since b — a is odd, £,2"~% = —' (mod 3) and we obtain by Lemma 6 that

\‘61211& — ¥,

3 J:mz—kQ—B

where B = [(r', ") € {(0,1),(0,2),(2,2)}]. Similar to Case 1, ({WTLZQJ !) is

vy (ms!) — By (ma — ks) — v ((QO—_?'kz)') .

Then we evaluate v5(ms!) by Corollary 8, and substitute all of these in (14) to obtain that
Ay is equal to

(=32 ) 20 o252
. <5§’+{_r'—§8/}) fa'= 0 (mod 2)] 4 V;lJ [(y # —05 (mod 3)]+%/

+ Buy (ma — ka) + v ((Z‘;)) .

Then we divide the calculation into 4 cases and obtain that A, is

(Vz ((7;22)) , if ¢, = —fy (mod 3) or £, =0 (mod 3);
a—1+vy(my —ky)+uy <(",?22)> . if £y = 0 (mod 3)-and f5 # 0 (mod 3);
L%J + 15 ((7;;)) . if /4 =1 (mod 3) and ¢, =1 (mod 3);

\ L%J + vy (Mo — ko) + 14 <(7£22)) ;- if #1=2 (mod 3)-and f, = 2 (mod 3).

We illustrate the calculation of Ay above only for the case f5 = 0 (mod 3) since the other
cases are similar. So suppose /3= 0 (mod3). Sos"= 0. If ' = 0, then it is easy to see that

Ay is equal to 14 ((’,Z;)) So assume that " # 0. Then A, is-equal to = + y + v ((m2)>,

ko
b—a—1 b—1 a="1 0, if a is odd;
T = — —|— =
2 2 2 —1, if ais even,
/

y= - [b=0 (mod 2)] + {—%/} [a =0 (mod 2)] +7”_/ _ {0, if a is odd;

3 3 1, if a is even.

where

Therefore Ay = 1 <(7€‘22)> , as required. Asin Case 1, we divide the calculation of 1 ((252) F)

into 4 cases according to the value of Ay, which leads to the desired result. This proves (i).
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For (ii), we apply Corollary 12 with m = £ip® and k = f,p®. For convenience, we let
" ={; mod z(p) and s’ = ¢, mod z(p). The calculation of this part is similar to that of
part (i), so we omit some details. We have

SR (E 7 DR E7 DR (e D A

Case 1. p = £1 (mod 5). Then by Lemma 1(iii), p = 1 (mod z(p)). By Corollary 8, the
first term on the right-hand side of (20) is equal to

s o s ) = 5] b 2o = e [ 201 (0 5)
ﬁﬁ;fﬂ‘£5+%ﬁﬁ%f)
and similarly, the second term i$
o ool gl
By Theorem 9, the third term is

(Lp” " = L) (p" < 1) - 4 (u W< 3/]) fv, ({MJ !) ,

z(p)(p—1) z(p) z(p)
Since p = 1 (mod z(p)), we obtain by Lemma 6 that
05 p0=% >y
{—1 0) QJ =m,— k, — [r' <.

Therefore v, <{MJ !) is equal to

z(p)

= B el ().

my, — kp)!

As usual, the first term above can be evaluated by Corollary 8 and is equal to
0 oo ()
————(b—a)— + v — ).
we-1 "% T e

We substitute all of these in (20) to obtain

Ay = [ < ) (a+ vy, (my — ky)) + vy ((?)) .

P
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Since p =1 (mod z(p)), r = r" and s = §’. Substituting A, and applying Corollary 12, we
obtain the desired result.

Case 2. p = 42 (mod 5). Then by Lemma 1(iii), p = —1 (mod z(p)). By Corollary 8, the
first term on the right-hand side of (20) is equal to

%_ EJ [r’#O]—%[bEl(modZ)]—kup( = !).

Similarly, the second term is

/

ly(p* — al., s B Uy
—z(p(f(p _11)) - bJ [s" # 0] — m[a =1 (mod 2)] + v, ( Enl !) .

For the third term, we divide the proof into two cases according to the parity of a and b.

Case 2.1. a = b (mod 2). Then by Theorem 9, the third term on the right-hand side of
(20) is equal to

(&pb;‘(lp;éz)_(zi‘; -1 (7“, /¢ < s’]) [a=1 (mod 2)] — EJ ' # 5]

o (5

As in Case 1, we apply Lemma 6 to write

ﬁlpb_a—gz -’ / /
{ ) J—mp k, = <},

and then use Corollary 8 to show that v, <V”’Z;)_52J !) is equal to

A P o g (J I S e o L v ()

Substituting all of these in (20), we see that A, is equal to

Al )

_ EJ [ £ 0] + LgJ s 20| + [ £ S =1 (mod 2)} ¢ EJ i # ] +

+ [ < sy (my — k) + v ((?Z:))

'yp((gg)) if £, = €, (mod z(p)) or £z = 0 (mod 2(p));

a+up(mp kp) + vy ((k )) if /4 =0 (mod z(p)) and ¢5 #Z 0 (mod z(p));
|+ v ( ) if 01,05 # 0 (mod z(p)) and 7" > §';

M o (my = hy) vy () 1 1,6 20 (mod 2(p)) and +” < '
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Recall that r = £;p° mod z(p) and s = lop® mod z(p). If a and b are even, then p® =

p® =1 (mod z(p)), r =7r', and s = &', and we can obtain v, ((ﬁ;gZ)F> by substituting A, in

Corollary 12. Suppose a and b are odd. Then r = —r' (mod z(p)) and s = —¢' (mod z(p))
and thus when r and s are both nonzero or are both zero, we have

r>s ifand onlyif ' <¢.

Similar to the above, we can obtain v, ((elpb)F> by the substitution of A, in Corollary 12.

Lop®
ap®y Y\
We see that v, (( a)) is equal to

L2p
'l/p <(TZ;)> : if {1 = {5 (mod z(p)) or ¢, =0 (mod z(p));
a+vy(Fopy) +vp (mp — k) + 1 ((72:)) , if ¢4, =0 (mod z(p)) and ¢5 # 0 (mod z(p));
S+ ((’Z:)) , if r > s, £1,0o Z0 (mod z(p)), and a is even;
S+ up(Flp)) + vp (my — k) + 15 <(7§;’)> , ifr < s, by, 0o #Z 0 (mod z(p)), and a is even;
v, (my — k) + 1 ((7;5)) Y if r> s, 01,00 #0 (mod z(p)), and a is odd;
\%1 + vp(Fepy) + 1y ((ZL;)) , if 7 <'s, €1, 45 Z0 (mod z(p)), and a is odd.

Since a = b (mod 2), we see that p* = p® (mod z(p)) and therefore
ly =1y (mod 2(p)) &r =35 (21)

So the condition ¢; = {5 (mod 2z(p)) can be replaced by 1 ='s.

Case 2.2. a # b (mod 2). The calculation in this case is similar to that given before. So we
skip some details. By Theorem 9; the third term on the right-hand side of (20) is equal to

(Lip”* = L) (p* — 1)

~{o= 1 Ghod 2, 1| 4] 62 e tmo o) | A2 ).

z(p)(p — 1) z(p)
where By = {_TZIZS} = —’";z;j + [ 48> 0] +[r"+ 8 > z(p)]. Since p=—1 (mod z(p)),
we obtain by Lemma 6 and a straightforward verification that
leb_a - EzJ b e
e = m, — — &,
2(p) v

where € = [—1" mod z(p) < §'| = [’ =0 and s’ # 0] + [’ + s > z(p)]. Then by Corollary 8,

yp <VWZ;_Z2J !) is equal to

- ()
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where By = e,

(
5+ 5] - 15

equal to

(1557~ [5]) b #o0e [5] (19 # 0+ 6 # 6o oo 0000

+([r'+ >0+ +5>z2@p)])|[a=1 (mod 2)] + By + 1, <( ))
(1) <<2@:)) if £, = —0y (mod z(p)) or £y = 0 (mod z(p));

a+v,(m,—ky) +v, ((k )) : if /1 =0 (mod z(p)) and ¢, # 0 (mod z(p));
+ Up < ) if 01,05 #Z 0 (mod z(p

jJ + v, (my, — k) + 1 ((k,,))? if 04,05 # 0 (mod z(p

my kp) Since a Z b (mod 2), [b =1 (mod 2)] =1 —[a =1 (mod 2)] and
| 4+ [a =1 (mod 2)]. We substitute all of these in (20) to obtain that A, is

)
)

) and " + 5" < z(p);
) and r’ + 5 > z(p).

Recall that r = £;p* mod z(p) and s = l3p® mod z(p). Suppose that a is odd and b is even.
Then r =" and s = —s' (mod z(p)). Moreover, if s’ # 0, then s = z(p) — s and thus

r<ser 48 <zp) and r>ser +8 > z(p).

Similarly, if a is even and b is-odd, then r = —r’"(mod z(p)) and s = ¢, and for " # 0, we
have
r<ser 4+ >z2p) and r>s<r+5 <z(p).

From the above observation and the substitution of A, in Corollary 12, we see that v, <(‘2£ Z) F)

is equal to
AR if 61 = 0 (tiod 2(p)) or £, = 0 (mod 2(p));
0+ 1,(Fa) + v = Ky () )50 G =0-mod =) and €2 £ 0 (mod =(p):
e 4y, (my — k) +1p ((Z‘j)) . ifr>s, l1,0; Z0 (mod z(p)), and a is odd;
vy (Fop) + v ((?:)) , if r < s,41,€>% 0 (mod z(p)), and a is odd;
5+ v ((fj)) , if r > 5, 01,00# 0 (mod z(p)), and a is even;
S+ vp(Fly) + v (my — k) + 1 ((Z:)) gdf s, 01,02 # 0 (mod z(p)), and a is even.

Since a # b (mod 2), we see that p* = —p® (mod 2(p)) and therefore
l; = —{y (mod z(p)) & r =s.
Combining this with (21), we conclude that
Uy = Uy — 2ls[a # b (mod 2)] (mod z(p)) & r =s.

This completes the proof. O
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5 Examples

In this last section, we give several examples to show applications of our main results. We
also recall from Remark 14 that the condition r = s in Theorem 13(ii) can be replaced by
0y = Uy —205[a # b (mod 2)] (mod z(p)). In the calculation given in this section, we will use
this observation without further reference.

Example 15. Let a, b, and ¢ be positive integers and b > a. We assert that for ¢ # 0 (mod 3),

we have 0 ob
. 1
F

where ¢; = [( = 2 (mod 3)], &2 = [a = b (mod 2)], &} = [¢{ = 1 (mod 3)], and &, = [a #
b (mod 2)]. In addition, if £ =0 (mod 3), then

Vs ((622()) F) =b+ 2+ w(l). (23)

Proof. We apply Theorem 13 to verify our assertion. Here my = VWGJ and ko = L%J =0.

3
So we immediately obtain the following: if @ = b (mod 2), then

1/2(( 9a ) ): a+ 2+ va(ma), if £=0 (mod 3);
" ExP i£4 =2 (mod 3),
and if @ # b (mod 2), then
1% 0, if =1 (mod 3);
”2(< 9a ) ): a 42+ vs(my),if £ =0 (mod 3);
: [t if ¢-=1 (mod 3).

This proves (22). If £ =0 (mod 3); then ms = £+2°7% and vy(ms) is equal to

va(ma) = e (6) + 15(2"%) — 1,(3)=b<a + 15 (),
which implies (23). ]
Example 16. Substituting ¢/ = 1 in Example 15, we see that

o((2))-[13

0, if a = b (mod 2);
[“H]) ifa # b (mod 2).

2

(24)

Our example also implies that (24) still holds for the 2-adic valuations of (thzc) = (7'2b) =

b+1 b 2 2
(% ) (50) o ete.
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Example 17. Let a, b, and ¢ be positive integers, b > a, and p a prime distinct from 2 and
5. If p==+1 (mod 5), then

i ((10) ) = 0+ i) + 10 =0 (n0a =)

pa
and if p = £2 (mod 5), then

0, if =1—2¢ (mod z(p));
U <<€pb> ) _ b+ vp(Fip) + (), if =0 (mod z(p));
"\\r* /5 5 if £ #£0,1 —2¢e (mod z(p)) and a is even;
L+ u(Fap), if £ #£0,1 —2¢ (mod z(p)) and a is odd,

where € = [a #Z b (mod 2)].
Proof. Similar to Example 15, we verify this by applying Theorem 13. Here m, = Vp—

k, = {ﬁJ = 0, r = fp’ mod z(p), and s = p® mod z(p). We first assume that p =

+1 (mod 5). Then by Lemma 1, we have p = 1 (mod z(p)). Therefore s = 1, r =
¢ (mod z(p)), and

i ((0) )2 @hsstm) (B 12 0 (o ()

pa
Similarly, if p = £2 (mod 5)-and a = b (mod 2), then we obtain by Lemma 1 and Theorem
13 that

0, A ﬁf 1 (mod 2(p));
<(€p )F) _ Jatplmy) Fup(Fyp); i €= 0 (mod Z(p)z7

5 if £ mod 0;1z(p) and a is even;

5 H1(Ep), if £ 0,1 (mod z(p)) and a is odd.
In addition, if p = +2(mod 5) and a # b (mod 2), then

0, if ¢ =—1 (mod z(p));
" <<€pb) ) _Ja+t vp(my) + Vp(Fspy)s—if € = 0 (mod z(p));
") e o1 if ££0,—1 (mod z(p)) and a is even;
L4 v (Fap), if ¢ #0,—1 (mod z(p)) and a is odd.

It remains to calculate v,(m,) when ¢ =0 (mod z(p)). In this case, we have

i) =y (2

This implies the desired result. ]

) = 5l 4 ) =y lelp)) == a0
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Example 18. Substituting ¢ = 1 in Example 17, we see that for p # 2,5, we have

+((3:),)-

Our example also implies that (25) still holds for the p-adic valuations of (” k:QC)F and
((z(p)H)'pb)F. Similarly, for p # 2,5, we have

((2),)-

if p=+£1 (mod 5) or a = b (mod 2);
; if p=42 (mod 5), a # b (mod 2), and a is even; (25)
L+ 1y (Fopy), if p==£2 (mod 5), a # b (mod 2), and a is odd.

2

2 e O

: if p=+1 (mod 5);
: if p =42 (mod 5) and a is even; (26)
L 4+ 1 (Foy)s. if p==£2 (mod 5) and a is odd.

2

1%

Q2w O

) is replaced by ( ) for £ # 0,41 (mod z(p)) and

In addition, (26) also holds when ( A
%) ((z ()=1)pt ) , the formula becomes

p # 2,5. Furthermore, replacing (

if p=41 (mod5) or a #b (mod 2);
, if p = £2 (mod 5), a = b (mod 2), and a is even;
L+ 1y (Fopy), if p==£2 (mod'5), @ ='b (mod 2), and a is odd.

2

2 e O

Example 19. We know that the 5-adic valuations of Fibonomial coefficients are the same
as those of binomial coefficients.” For example, by Theorem 11(ii) and Kummer’s theorem,

we obtain (7 i
(@) A o

for every a,b, ¢ € N with b > a. Similarly, v (( » )F) =b—a—vs(l) for every a,b,{ € N

£50
such that 5° > ¢ - 5%,

Example 20. Let a, b, and £ be positive integers and 2% > €+<2% Let my = F?J and
ko = L%J Then

((20),) ()« (] i[5

where €1 = [a = b (mod 2)], e = [¢ = 2 (mod 3)], e3 = [a # b (mod 2)], and g4 = [¢
1 (mod 3)].

~—

w e3eq, (27

Proof. Similar to Example 15, this follows from the application of Theorem 13. So we leave
the details to the reader.
]
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Example 21. Let £ > 2. We observe that

{QkJ_ ka_l, if k is even;
3] |2 it ks odd,

which implies,

2k
By a similar reason, we also see that for k > 3,
2k
Vo ({gJ - 1> =2[k =0 (mod 2)]. (29)

From (27), (28), and (29), we obtain the following results:
. . b
(i) if b —a > 2, then 1 <(3?ZQ)F) = [a# b (mod 2)],
(i) if b —a > 3, then 1y <(52;)F) is equal to

a-+ 2

[a%b@md%}+({ w+2MEb0mﬁ2ﬂ>MEb0mﬂ2ﬂ

. [a;ﬂ [a= b (mod 2)],

(iii) if b —a > 3, then vy ((62;)}7) = [a = b (mod 2)],

(iv) if b —a > 4, then vy (( q )F) =Tla=b (mod 2)] 4+ [} [a# b (mod 2)].

7-22

Example 22. Let p # 5 be an odd prime and let a, b, and ¢ be positive integers, p* > fp?,
b—a

m, = V—J ,and k, = {LJ Then the following statements hold.

2(p) 2(p)

(i) If p= +1 (mod 5), then
a (1) ) = (@ lm=To) sy () 6% 0.1 mod 2]+ (7))
(ii) If p = +2 (mod 5), then v, ((;;Z)F) is equal to

o (1) )reizazs (5] + vty = ) + o o0)+rai=ea) (|5 + <t 7.000)

(30)
where e = [¢ # 0 (mod z(p))], e2 = [¢ £ 1 (mod z(p))], e5 = [b = 0 (mod 2)],
gg = [l # —1 (mod z(p))], and 5 = [a = b (mod 2)].
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Proof. Similar to Example 17, this follows from the application of Lemma 1 and Theorem
13. Since (i) is easily verified, we only give the proof of (ii). The calculation is done in two

cases. If p =42 (mod 5) and a = b (mod 2), then v, ((Z’;;)F) is equal to

Vp <(7§;’)> : if £=0,1 (mod z(p));
2+ vy (Fupy) + vp(my — k) + 1 ((Z‘:)) , if £#£0,1 (mod z(p)) and a is even;
4y, (my — ky) + 1 ((’::)) : if 20,1 (mod z(p)) and a is odd,

m a
=V <(kp>) + €169 (’75—‘ —+ Vp(mp k —|— €3Vp z(p)

where ¢ = [¢ Z 0 (mod z(p))], e2 = [¢ Z 1 (mod z(p))], and e3 = [b = 0 (mod 2)]. If
p = %2 (mod 5) and a # b (mod 2), then

Vp ((’ZZ’)) , if £=0,—1 (mod z(p));

b
B (<£9“)F> - % T (Cl?j)) ’ if ¢£0,-1 (mod Z(p)) and a is even;
21 vy (P) 12 () 5 C£0, -1 (mod 2(p)) and ais odd,

=, ((7::)) €16y (EJ o egl/p(Fz(p))> ;

where €1, €9, €3 are as above and e; = [( # —1 (mod z(p))]. Let 5 = [a = b (mod 2)]. Then
both cases can be combined to obtain (ii). O

Example 23. Let k > 2..We observe that z(7) = 8 and

{7’“J_ 7k8_1, if £ is even;
84 | 2= i ki odd

J

V7Q%kD:[kz1(mod2)] and V7Q§J—1> 0. (31)

From (30) and (31), we obtain the following results:
(i) if b —a > 2, then v, <(8_7;)F> = [a # b (mod 2)],

Therefore

(ii) if b —a > 2, then vy <(97;)F) = (|“2| +[b=0 (mod 2)]) [a # b (mod 2)],
(iii) if b—a > 2, then vy <(157b7a)F> is equal to

[a Z b (mod 2)] + <{gw +[b=0 (mod 2)]) [a =b (mod 2)].

To keep this article not too lengthy, we plan to give more applications of our main results
in the next article.
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Abstract

A positive integer n is a b-adic palindrome if the representation of n in base b reads
the same backward as forward. Let s; be the reciprocal sum of all b-adic palindromes.
In this article, we obtain upper and lower bounds, and an asymptotic formula for sy.
We also show that the sequence (sp)p>2 is strictly increasing and log-concave.

1 Introduction

Let n > 1 and b > 2 be integers.. We call n a palindrome in -base b(or b-adic palindrome) if
the b-adic expansion of n'= (apag_q - - - ag)y with-a, # 0-has the symmetric property ax_; = a;
for 0 <1 < ng . As usual, if we write a number without specifying the base, then it is always
in base 10. So, for example, 9 = (1001)s.= (100)3 is-a palindrome in bases 2 and 10 but not
in base 3.

In recent years, there has been an increasing interest in the importance of palindromes
in mathematics [1, 2, 3, 13, 17, 25], theoretical computer science [4, 9, 12|, and theoretical
physics [11, 14]. There are also some discussions on the reciprocal sum of palindromes on
the internet but as far as we are aware, our observation has not appeared in the literature.
Throughout this article, we let b > 2, s; the reciprocal sum of all b-adic palindromes, and s,
the reciprocal sum of all b-adic palindromes which have k digits in their b-adic expansions.

IPrapanpong Pongsriiam is the corresponding author.



The set of all b-adic palindromes is infinite but quite sparse, so it is not difficult to see that
sp converges. In fact, Shallit proposed the convergence of s, as a problem in the Fibonacci
Quarterly in 1980 [26, 27].

In this article, we obtain upper and lower bounds for s;,, which enable us to show that
Spr1 > Sp for all b > 2 and sg — Sp_18p41 > 0 for all b > 3. That is, the sequence (sp)p>2
is strictly increasing and log-concave. Furthermore, we give an asymptotic formula for s, of
the form s, = g(b) + O(h(b)) where the implied constant can be taken to be 1 and the order
of magnitude of h(b) is l‘z%b as b — oo. Our result s, 1 > s, for all b > 2 also implies that
if by > by > 2 and if we use the logarithmic measure, then we can say that the palindromes
in base b; occur more often than those in base by. On the other hand, if we use the usual
counting measure, then we obtain from Pongsriiam and Subwattanachai’s exact formula [22]
that the number of palindromes in different bases which are less than or equal to N are not
generally comparable. It seems that there are races between palindromes in different bases
which may be similar to races between primes in different residue classes. We will get back
to this problem in the near future.

The reciprocal sum of an integer sequence is also of general interest in mathematics and
theoretical physics as proposed by Bayless and Klyve [8], and by Roggero, Nardelli, and Di
Noto [24]. See also the work of Nguyen and Pomerance [19] on the reciprocal sum of the
amicable numbers, the preprint of Kinlaw, Kobayashi, and Pomerance [15] on the reciprocal
sum of the positive integers n satisfying (n) = p(n + 1), and the article by Lichtman [16]
on the reciprocal sum of primitive nondeficient numbers. In addition, Banks [5], Cilleruelo,
Luca, and Baxter [10], and Rajasekaran, Shallit, and Smith [23] have recently investigated
some additive properties of palindromes while Banks, Hart, and Sakata [6] and Banks and
Shparlinski [7] show some of their multiplicative properties. For more information concerning
palindromes, we refer the reader to the entry A002113 in the On-Line Encyclopedia of Integer
Sequences (OEIS) [28].

2 Results

Throughout this section, a, ¢, m; n, k, ¢ denote positive integers, and z, y, z denote positive
real numbers. Furthermore,

e |z] is the greatest integer less than or equal to

[x] is the least integer greater than or equal to x;

e logx is the natural logarithm of z;
b—
® Ty = Zm:ll %’

b2-1 1 .
® Y, = Zm:b o and

_ \b? 1
® 2= Zm:bJrl m



Note that x, = sp1 and x,/(b+ 1) = 532 and that

1 1 1-=b
BTUEE T

Theorem 1. We have

Yp Ty Yo Zb Yp
b & Sb,3 b an btgj S,k bLgJ for every

Proof. We first consider the case k£ = 3. The b-adic palindromes which have 3 digits are of
the form (aca), where 1 <a <b—1and 0 <c¢ <b— 1. Since

1 1

(aca),  (ac0)y

—a a 1
< e
(ab? + cb + a)(ab? + cb) ‘ = (ab?)? ab®’

we obtain
1 1 1 1
<

(ac0), ~ab* = (aca), = (ac0),

Observe that

1<a<b—1 1<a<b—1 1<a<b—1
0<c<b—1 0<c<b—1 0<c<b—1

So by summing (1) over alla = 1,2,...,b—land ¢ =10,1,...,b—1, we obtain the inequality
R <szy<® Fork=41<a<b-—1, and 0<c<b—1, we have

1 1 1 1 1

< < = .
b2(ab+c+ 1) (ac00), +b% T (acca), — (ac00), = b*(ab+ c)

Summing over all a = 1,2;...,b—1 and e=0,1,...,b— 1 leads to

Zh 1 1 1 1 Yp
hisl (R e G W ) > @ gt L
A > b+ L= > abtd b2

1<a<b-1 1<a<b-1
0<e<b—1 0<c<b—1

Let k > 5. The b-adic palindromes which have £ digits are of the form (aajas---agp_sa)
where 1 <a<b—-1,0<a; <b—1forallse{1,2,... k— 2} with the usual symmetric
property on a;. We fix a and a; and count the number of palindromes in this form. There
are b choices for as € {0,1,2,...,b—1} and so there is only 1 choice for a;_3 = ay. Similarly,
there are b choices for a3 and 1 choice for a,_4. By continuing this counting, we see that the

number of palindromes in this form (when a and a; are already chosen) is equal to bl 21,
Therefore the reciprocal sum of such palindromes satisfies

1 bl bl 1
Z S S k—2 = k ?
(aaraz- -~ ap—a)y ~ (a0---Oaya)y, ~ b¥2(ab+a1)  pl5)(ap + ay)

a2;...,05—3

3



ap_3 run over all integers 0,1,2,...,b — 1 with the symmetric condition of

where as, ...,
palindromes. Hence
Yo
D D S e D D
1<a<b—1 az,...ap_s3 1592 °°° Vk—2 1<a<b—1 b 2 (ab+a1) blz
0<a;<b—1 0<ar<b—1

Similarly, if @ and a; are fixed, then

Z 1 > b[%—l 1
a3 (CLCL1CL2 - ak—2a>b — abF1l + albk*Q 4 pk—2 - ng (ab T 1).
=1,2,...,b—1and a; =0,1,...,b—1, we obtain the desired
O

Summing the above over all a =
lower bound for s; ;. This completes the proof.

Theorem 2. For every b,{ > 2, we have

b2 ! 922 b2 “ 20
-c E oy AV T AT~ E U
<b+ 1) P 2 ST T S S <b+ 1) 2Lk T Ty

In particular,
b+ 2 2z b+ 2 1 2
Yo _To < 5y < — =)y 2
(b+1) v+ 5 b3+b(b—1)— <b+1>xb+(b+b(b—1))yb @)

Proof. For simplicity, we write @, y, z instead of x;, yp, 25, respectively. We consider s, for
1+%++b_%:37 FOI‘/CZQ, Sng is

each k as follows. Obviously s, =

o

—1 1 b—1 1 4 %
ab+1) b+ 1

aa
1 ] .y~

Il

a

2 - + > peop Sk and-applying Theorem 1, we obtain

By writing s, = 2 + ;55 + 2 13 Sbik
201 21
b+2 2y
Sb_b+1x+28bk+kz:%b§ erZ bk+—(b—1)bé_1‘
Similarly,
21 o 201
+ 2 z b+ 2 2z
w2 e Do o= (7)o Dot

This proves the first part of this theorem. The second part follows from Theorem 1 and the
substitution ¢ = 2 in the first part. O



Theorem 3. The sequence (sp)p>o 1S strictly increasing.

Proof. We first verify that s, > s, for 2 < b < 16. Myers gives the decimal expansion of sy
in the entry A244162 in the OEIS [28]. Myers also describe the algorithm in his calculation,
which can be found in the web page [18]. So we know that sy < 2.3787957. Alternatively,
substituting ¢ = 3 and b = 2,3 in Theorem 2 and running the computation in a computer,
we obtain 2.32137259 < sy < 2.44637260 and 2.60503980 < s3 < 2.62973117, which implies
that sy < s3. Similarly, we apply (2) to obtain upper and lower bounds for s, and we see
that s, < sp11 for 3 < b < 16. So we assume throughout that b > 16. We first observe that

1 1 Up 2p b—1 Ty
R I B
Therefore % — & > 2 for all b > 2. So the term # — 7% in (2) can be replaced by %

Therefore we obtain by (2) that spy1 — sp islarger than

b+3 b2\ L (/1N 2 12 -
— |ty — | —— | 21— | -+ = .
b+2) T o+ 1) T e ) T\ -1 )P

In addition, z,,1 — 23 is equal to

b24+2b+1
| % 41 b
Y =\ = > 0.
b+1+ Zb;lm_ b+1+b2+2b+1 b+ 1)

Since xp11 = xp + 3 and zp 1 > 2, = Yp— 5 + blz, we obtain from (3) that sy, — s is larger
than or equal to

A B o AT AN L2
b+2)\b) TP\ b2 "or1) TP\ w1 b bb-1)

i (b12 - %) (bi1 X b(bil))
T > O+ 3— | (< 1)(b+2)

T W02 D012 DT Bh)

Recall that if @ and b are integers, a-<b, and f is monotone on [a, b, then

mind 0100 32 5001~ 4001 < s 0, 10 @
From (4), we obtain
xp = bz% <1l+log(b—1)< ;logb,
m=1
yp = — bil + ”E:I l <log(b+1) < Zlogb.
m=b1 "



In addition, it is straightforward to verify that

1 (b—1)(b+2) 1
b(b+2)  B(b+1) Nz

Therefore s, — s is larger than

1 3logb ~ 5(b+3)logh 1 >1_310gb_310gb_ 1 1 1 3logb
b 200+1)b+2) 4O0-1)0O+1) Db 202 2b? 2oob b2 b:
()
Observe that the function z +— k’% is decreasing on [3, 00). Since b > 16, we obtain
3logb _ 3logl6 7 1 1
< — S<—.
T T T ATy

Hence we obtain from (5) that

>1 1 3logb>1 1 7_1>0
S+l T S T e T b 106 106~ 5

This completes the proof. O

Recall that if we write f(b) = ¢(b) + O*(h(b)), then it means that f(b) = g(b) + O(h(D))
and the implied constant can be taken to be 1. In addition, f(b) = g(b) + Q. (h(b)) means

lim sup,_, . £ (b,)l&g(b) > (0. From this point on, we use (4) without further reference.

Theorem 4. Uniformly for b > 2,

[ b+2 ) 1+2 Lo 5logb
2\ prr) PN D)

This estimate is sharp in the sense that O* (%) can be replaced by ), (logb).

Proof. Let g(b) = (Zﬁ) Ty + ( b%) yp be the main term above. Since y;, < log(b+ 1), we
obtain by (2) that

2up 2log(b+1)
—g(b) < < .
=90 S 5" S e -1
If b = 2, then it is easy to check that b2(2by”1) = 15—2 < 51;’3gb. If b > 3, then we assert that

Q;S%b(bﬁ)l ) < 5logb To verify this assertion, we observe that it is equivalent to (g log b) (%) >

log(b+1). Smce b > 3, we obtain

5) b—1 5
(5 log b) (T) > 3 logb > log 2+ log b = log(2b) > log(b+ 1), as desired.



So in any case,

5logb
We also obtain by (2) that s, — g(b) is larger than or equal to
2 W om_ 2 2atiop) m_ 29 om 2,20
bb—1) b2 b bb—1) b? Boob-1) b b b
We have
b1
= — < 1+log(b—1) <2logb 8
T mZ::lm_ +1log(b — 1) < 2log, (8)
b2 b2
11 1 11 1 logb
=N o> Zdfy = — - >logh— - > 282 9
T b_/b R8T ©)

Therefore (7) implies that

log b 2logh ~ 2 _logh - 2logb 3logbh 5logb

_ > = _ 2> (Y _ _
=90 2 o Ty T P B EREE~

(10)

By (6) and (10), we obtain |8, = g(b)| < 22 This proves the first part of this theorem.
For the 2, result, we only need to observe that as b — oo, (7) and the inequalities x;, <
1 +log(b—1) and z, > logb — 3 given in (8) and (9) imply that

2(logh—3) 7 Lylogb—1) 272 3logh  lllogh 2 2

—g(b) > X ~A/f - — =+,
%= 90) 2 250 iz R ) (o N T A
0 (b3
\ Sp—9g
1 >——=—>10
vt R
This completes the proof. O

Recall that by applying Euler-Maclaurin summation formula, we get

> L IR TY 1 0,
— =logn — — —
mo BT S T o T Gond”

(11)

m<n

where v is Euler’s constant and 6,, € [0,1]. The calculation of (11) can be found in Tenen-
baum [30, p. 6]. From this, we obtain another form of Theorem 4 as follows.

Theorem 5. Uniformly for b > 2,

1 1 0 1 2logb 1 6logb
—logh loght L — L _ o (22080 o
°g +7+(b b+1> S A PR T ) < ) (12)

This estimate is sharp in the sense that O* (61§§b) 15 also )y (kl’)%b).

7



Proof. By (11), we have

11 1 1 0,

=N L L Clogbd oy —— g
o T;)m p = O80T T o T 1o T oot

1 1 11 b 116,
S N N (P - L log b -
“ m;z m g;b m (Og TYt o T o 60b8> (Og Yo T 1o T oot

1 7 5+ 6, B2

—logh— — -
6% 55 T 1202 T 60bt ' 606°
=z+-—5=lo b+i— > _5+9(,+ i
PERT TR T T T 122 60t 6008
Writing Zﬁ =1+ b+—1 and substituting x; and y;, in Theorem 4, we obtain
5logb
sy = h(b) +hy(b) + O° ( ;g ) (13)
where h(b) is the main term given in (12) and
1162 —3b— 10 0, 0, 02 B2 5+60, 5+6

hl (b) - -+ -+ —

20 (b1 1) 600" GObA(b 1) 60 3061 606°  300°
It is not difficult to see that h1(b) > 0 and

110° 1 1 11logb” logb logb _logb
hi(b) < < < .
10 < 1) TR S ) S a2p 60 T 60n =

(14)

Therefore (13) implies that s, =h(b)+O* (61°g b) Wthh is the same as (12). In addition, by
the first inequality given in (14), we see that hi (b) < &+ Sinee O* (2282) in (13) is Q. (logb)
and hy(b) < &, h(b) + O (22£2) in (13)is Q4 (1%8%). This completes the proof. O

Corollary 6. The sequence (sp)p>2 diverges to +0oo and the sequence (s, — sp—1)p>3 converges
to zero as b — oo.

Proof. The first assertion follows immediately from Theorem 5. Recall that log(b — 1) =
logb + O ( ) So we obtain by Theorem-5 that as b — oo,
b b’

log b log b
0<sp— S 1—logb—log(b—1)+0(og )<< o8

which implies our assertion. ]

Recall that a sequence (a,),>o is said to be log-concave if a’ — a,_1a,11 > 0 for every
n > 1 and is said to be log-convex if a2 — a,,_1a,+1 < 0 for every n > 1. For a survey article
concerning the log-concavity and log-convexity of sequences, we refer the reader to Stanley
[29]. See also Pongsriiam [21] for some combinatorial sequences which are log-concave or
log-convex, and some open problems concerning the log-properties of a certain sequence.

8
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Theorem 7. The sequence (sp)p>2 1S log-concave.

Proof. For each b = 2,3,...,15, we use Theorem 2 with ¢ = 4 to get an upper bound Cj
and a lower bound D, for s,. In addition, for each b > 13, let U, and L; be the upper and
lower bounds of s, given in (2), respectively. Then

sg — Sp_1Spy1 > Dg — Cp_1Cpyq for 3 < b < 14 and si — Sp_1Spr1 > Lg —Uy_1Uyyq for b > 14.

We use MATLAB to check that D — Cy,_1Cyq > 0 for 3 < b <14 and L} — Uy_1Up 1 > 0
for 14 < b < 1500. So sg — Sp_18p1 > 0 for 3 < b < 1500. So we assume throughout that
b > 1500. Then

b+ 1)(b+3) b+ 2
Up-1Upy1 = b+ 2) Tp-1Tpt1 + EDE 1)yb71yb+1
b(b+ 3) b+2
b—2)b—1)(b%+ 2)$b+1yb71 + Txbflberl
:A1+A2+A3+A4, say. (15)
Since
11
=Y+ 5 VP26 — b =1 >0 420 = 2b—1=(b—1)(b+1)* and
b4+2b3—b—1 Ub 22b
Ly = )
T U R R L T
we obtain
L:b4+2b3—b—1$ b+1 y_3>(b—1)(b+1)2x b+1 y_g
’ Bh+1) o bb—1)" b b3 "Teo—1)" B

Therefore L is larger than or equal to

(b_l)z(b+1>42+ (b+1)2 5 4 2(b+1)3xy 4(b=1)(b+1)? 4(b+1)

8 T R e T T A T b TR
(b—120b+ 1% 5 ~ (b+ 12 5 2(b+1)? 4(b—1)(b+1)? 4(b+1)
> _ _
= b6 Ly, b2(b - 1)2yb + b TrYp Bo Tp b4<b — 1)3/17
= Bl -+ BQ -+ B3 - B4 — B5, say. (16)
In addition, we see that
B 1 - 1. Lo %1 b2
ybfl—yb"‘m_ Z E_yb+b—1_b2—1_yb_b—2’
m=(b—1)2
b>+2b
1 1 1 2b+1 b+1
= —_ - — < —_— - — =
Yb+1 = Yp b+z;2m_yb b+ 12 Yp + Tk
Tp-1 =$b—b_—1, and Ty :$b+g-



From these, we obtain the following inequalities:

4 G+ +3) , 0+ +3)  (b+1)(b+3)
YT 02 YT Re-D)0r2)" T 20— Db+ 2)
b+1)(b+3) , (b+1)(b+3) 1
=T 00+2) T Re-)b+2)t T ®
4 < b+ 2 5 3(b+2) ~ b+2
2= -0+ 0P TR0 -)e+ )" T B —1)
e b(b + 3) b+3 . b+3 . b+3
S -0+ T -0+ -0+ Po-D0+2)
b(b + 3) b+3 b+3
S0 -00+2" T =0+ 2” =D +2) "
b+2 b+ 2 (b+1)(b+2) (b+1)(b+2)
Ay < 7%% - b2(b — 1)1/1; bl Lo — bih — 1)
b+ 2 b+ 2 (b3 )(0+2)
< Txbyb - b2(b— 1)% b Lp-

Since b > 1500, it is not difficult to verify that

(b4 1)(6b>+3b2 —3b—2) , b5 —5b +8b> + 16b2 — 4b — 8 1
_ _ > _
Bi=Bi—Ai =z 0 42) o Bh—1)(b+2) R
7,
Z_ﬁxb“r‘ﬁ,
b +5b+2 0 4 60% —12b — 8 b+2
By— By — Ay > — 2 L _oTe
2T T TR T b —1)2 (b 1) b4(b—2)(b—1)(b+1)yb+b4(b—1)
1\\41
Z_ﬁyb_b_gybv
2(b*+ 8b3 4 502 —8b — 4 b2 +4b+ 8
By — A3 — Ay > — ( )wbyb—

Bi(h —2)(b—1)(b £2)
bh 362 ~ db—4
T Wb =1 (b2 "

4 3 3
> = 53Ty = 33—y

From (15), (16), and the above inequalities, we obtain

1 7, 1, 4 43

Ly — Uy Upyy > 0T T Y T Tl T 3l T 35T

Since x, < 2 logb and y, < 2 1 log b,

1 2977 (logb)?  9logb - b —23(logb)?

2
Lmbabmzp-qg—n 7 b

10

20 -2 -1)b+2)”"



Observe that the function x — x — 23(logz)? is strictly increasing on [300,00). Since
b > 1500,
b —23(log b)* > 1500 — 23(log 1500)* > 0.

Therefore sg — Sp_1Spr1 > Lg — Up—1Up1 > 0. Hence (sp)p>2 is log-concave, as desired. [

Remark 8. We have uploaded the numerical data on the computation of s, in the second
author’s ResearchGate account [20] which are freely downloadable by everyone.
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Abstract: In this article, we give explicit formulas for the p-adic valuations of the Fibonomial
coeflicients (”Z")F for all primes p and positive integers a and n. This is a continuation from our
previous article extending some results in the literature, which deal only with p = 2,3,5,7and a = 1.
Then we use these formulas to characterize the positive integers n such that (’;")F is divisible by p,
where p is any prime which is congruent to 2 (mod 5).

Keywords: Fibonacci number; binomial coefficient; Fibonomial coefficient; p-adic valuation; p-adic
order; divisibility
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1. Introduction

The Fibonacci sequence (F),),>1 1s given by the recurrence relation ¥, = F,_; + F,_, for n > 3 with
the initial values F; = F, = 1. Foreachm > 1 and 1 < k < m, the Fibonomial coefficients (’Z)F is
defined by

(m) _ F\FyF5---F) _Fm—k+1Fm—k+2"'Fm
k], (F\FyF3---F)(F\F2F5---F,y)  F\F2F3---F,

Similar to the binomial coefficients, we define (’]’:)F =1ifk = 0and (’,’:)F =0if k > m, and it is

well-known that (’,’(’)F is always an integer for every m > 1 and k > 0.

Recently, there has been an increasing interest in the study of Fibonomial coefficients. Marques
and Trojovsky [25, 26] start the investigation on the divisibility of Fibonomial coefficients by
determining the integers n > 1 such that (’;”)F is divisible by p for p = 2,3. Marques, Sellers, and

Trojovsk” [27] and Trojovsky [42] extend their results further and obtained the p-adic valuation of
a+1
(ppa )F in [42]. Then Ballot [2, Theorem 2] generalizes the Kummer-like theorem of Knuth and

Trojovsky [24] show that p divides (”;:l)F for p = +2 (mod 5) and @ > 1. Marques and
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Wilf [22] and uses it to give a generalization of Marques and Trojovsky’s results. In particular,
Ballot [2, Theorems 3.6, 5.2, and 5.3] finds all integers n such that p | ("n”)U for any nondegenerate
fundamental Lucas sequence U and p = 2,3 and for p = 5,7 in the case U = F. Phunphayap and
Pongsriiam [31] provide the most general formula for the p-adic valuation of Fibonomial coefficients
in the most general form (’::)F For other recent results on the divisibility properties of the Fibonacci
numbers, the Fibonomial coeflicients, and other combinatorial numbers, see for
example [3-5,11-13,16, 17,28, 30, 32-34,37,38,41,43]. For some identities involving Fibonomial
coefficients and generalizations, we refer the reader to the work of Kilic and his
coauthors [7, 8, 18-21]. For the p-adic valuations of Eulerian, Bernoulli, and Stirling numbers,
see [6,9, 14,23,40]. Hence the relation p | (”Z")F has been studied only in the case p = 2,3,5,7 and
a=1.

In this article, we extend the investigation on ("Z")F to the case of any prime p and any positive
integer a. Replacing n by p“ and p® by p, this becomes Marques and Trojovsky’s results [27, 42].
Substituting a = 1, p € {2,3, 5,7}, and letting n be arbitrary, this reduces to Ballot’s theorems [2]. So
our results are indeed an extension of those previously mentioned. To obtain such the general result for
all p and a, the calculation is inevitably long but we try to make it as simple as possible. As a reward,
we can easily show in Corollaries 9 and 10 that (‘tf)F is odd if and only if 7 is a nonnegative power of

2, and (Sn”)F is odd if and only if n = (1 + 3 - 2%)/7 for some k = 1 (mod 3).
We organize this article as follows. In Section 2, we give some preliminaries and results which are
needed in the proof of the main theorems. In Section 3, we calculate the p-adic valuation of (”Z")F for

all a, p, and n, and use it to give a characterization of the positive integers n such that (pZ")F is divisible
by p where p is any prime which is congruent to =2 (mod 5). Remark that there also is an interesting
pattern in the p-adic representation of the integers n such that (‘; ")F is divisible by p. The proof is being
prepared but it is a bit too long to include in this paper. We are trying to make it simpler and shorter
and will publish it in the future. For more information and some recent articles related to the Fibonacci
numbers, we refer the readers to [15,35,36,39] and references therein.

2. Preliminaries and lemmas

Throughout this article, unless stated otherwise, x is a real numbet, p is a prime, a, b, k, m, n, g are
integers, m,n > 1, and g > 2. The p-adic valuation (or p-adic order) of n, denoted by v,(n), is the
exponent of p in the prime factorization of n. In addition, the order (or the rank) of appearance of n in
the Fibonacci sequence, denoted by z(n), is the smallest positive integer m such that n | F,,, | x] is the
largest integer less than or equal to x, {x} is the fractional part of x given by {x} = x — | x], [x] is the
smallest integer larger than or equal to x, and a mod m is the least nonnegative residue of a modulo m.
Furthermore, for a mathematical statement P, the Iverson notation [P] is defined by

1, if P holds;
[P] = .
0, otherwise.

We define s,(n) to be the sum of digits of n when 7 is written in base g, that is, if n = (arai; . . . ap), =

arq* + ar-1¢g" + -+ + ag where 0 < a; < g for every i, then s,(n) = ay + a_; + - - - + ap. Next, we recall
some well-known and useful results for the reader’s convenience.

AIMS Mathematics Volume 5, Issue 6, 5685-5699.
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Lemma 1. Let p # 5 be a prime. Then the following statements hold.

(1) n| F,, if and only if z(n) | m
(i) z(p) | p+ Lifand only if p = £2 (mod 5) and z(p) | p — 1, otherwise.
(i) ged(z(p), p) = 1.

Proof. These are well-known. See, for example, in [31, Lemma 1] for more details. O

Lemma 2. (Legendre’s formula) Let n be a positive integer and let p be a prime. Then
| n n—s,n)
v,(n!) = {—| =—F
g ,; Pl p-1

We will deal with a lot of calculations involving the floor function. So we recall the following
results, which will be used throughout this article, sometimes without reference.

Lemma 3. For k € Z and x € R, the following holds

(1) k+x]=k+[x],
(i1) {k + x} = {x},

_ _la l:fXQZ;

(1) [x] +[-x] = 0. ifxe 7,

(iv) 0 < {x} < 1 and {x} = 0 if and only if x € Z.
Lx] + LyJ, iffx + v} < 1;

R T PN i

i) | & = £ fork = 1.

Proof. These are well-known and can be proved easily. For more details, see in [10, Chapter 3]. We
also refer the reader to [1,29] for a nice application of these properties. O

The next three theorems given by Phunphayap and Pongsriiam [31] are important tools for obtaining
the main results of this article.

Theorem 4. [31, Theorem 7] Let p be a prime, a > 0, { > 0, and m > 1. Assume that p = +1
(mod m) and 6 = [£ £ 0 (mod m)] is the Iverson notation. Then

ooy [ melil e (E). Fp=t1 modm:
Vp Q m |‘) = fr(z(pp:ll)) 50 + Vp( ,%J') if p=-1 (mod m)and a is even;
- "215 (v, (|5]). ifp=-1 (modm)andais odd

Theorem S. [31, Theorem 11 and Corollary 12] Let 0 < k < m be integers. Then the following
statements hold.

AIMS Mathematics Volume 5, Issue 6, 5685-5699.
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(i) Let Ay = v, ([%J') -V ([EJ') -V ([mT_kJ') Ifr=mmod 6 and s = k mod 6, then

A,, ifr>sand(r,s)#3,1),3,2),4,2);
A+ 1, if(r,s)=(,1),3,2),4,2),
((m) ) Ay +3, ifr<sand(r,s)#(0,3),(1,3),(2,3),
S\ (1,4), 2.4, 2,5);
Ay +2, if(r,s)=1(0,3),(1,3),(2,3),(1,4),(2,4),
(2,5).

i s (7)) = s ()
(iii) Suppose that p is a prime, p # 2, and p #' 5. If m’ = [%)J k= [%J r = mmod z(p). and
s = k mod z(p), then

(1)) = )< bl )

Theorem 6. [31, Theorem 13] Let a, b, £, and €, be positive integers and b > a. For each p # 5,

assume that €,p® > ,p® and let m,, = G and k, = | 2| Then the ollowing statements hold.
p z(p) P p)

(1) Ifa = b (mod 2), then v, ((mb)F) is equal to

024

v ((12))- if6,=¢6 (mod3)ort,=0 (mod 3);
a+2+vy(m =k +va (1)), ifli=0 (mod3yand £, 0 (mod 3);
4+ 142 0ma— k) +v2((32)) . ifti=1 (mod 3yand ;=2 (mod 3);
[t +v2 ((32)) if¢, =2 (mod 3)and ;=1 (mod 3),

andifa # b (mod 2), then v, ((Zib)F) is equal to

V2 ((rlr:j)) ’ ifti =-€, (mod3)orf, =0 (mod 3);
a+2+vm-k)+vn(({?)., f6L=0 (mod3)and, 0 (mod 3);
[%1 T2 ((73))’ ifti=1 (mod3)and{, =1 (mod 3);
4]+ 1+vama — k) +: (7). ifti=2 (mod3)and ;=2 (mod 3).

(ii) Let p # 5 be an odd prime and let r = £;p® mod z(p) and s = t,p* mod z(p). If p = =1
(mod 5), then

¢ b
Vp (( p ) ) =[r<s] (a +v, (mp - kp) + vp(FZ(p))) +v, ((’Z‘p)) ,
F P

fzpa
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and if p = +2 (mod 5), then v, (([12”

trp?

)F) is equal to

vy ((’Z/)) , ifr=sort,=0 (mod z(p)),
a+vp(Fyp) +vp (mp - kP) T ((71?5))’ ifti =0 (mod z(p)) and
6, #0  (mod z(p));
%”4@»’ ifr>s 0,6 %0 (mod z(p)),
and a is even;
$ 4 Vp(Fap) + vy (mp = k) +7, ((IZ:)) fr<s6,6#0 (mod z(p)),

and a is even;

T (mp - k,,) TV ((’Z:)) Jresf.GE0 - modp)
and a is odd;

G+ vp(Fep) + v, ((’Z:)) ifr<s 6,6,#0 (mod z(p)),
and a is odd.

In fact, Phunphayap and Pongsriiam [31] obtain other results analogous to Theorems 5 and 6 too
but we do not need them in this article.

3. Main results

We begin with the calculation of the 2-adic valuation of (ZZn)F and then use it to determine the

integers n such that (zn”)F, (4”)F, (8”)F are even. Then we calculate the p-adic valuation of (”:”)F for all

odd primes p. For binomial coefficients, we know that v, ((ZH")) = s,(n). For Fibonomial coeflicients,
we have the following result.

Theorem 7. Let a and n be positive integers, € = [n-# 0 (mod 3)], and A = [gj;&”. Then the
following statements hold.

(i) If a is even, then

%) ((2an) ) —S+A- e v2(A) =6 + 5(A) — ES’ G-
nlp 2 2

where 6 = [n mod 6 = 3,5]. In other words, 6 = 1 ifn = 3,5 (mod 6) and 6 = 0 otherwise.
(11) If ais odd, then

2a ~1 ~1
vz(( ”) ):6+A— e A) =6+ sA) - LT ¢, (3.2)
n /e 2 2

where 6 = %[2 fnl+ [M} [n mod 6 = 2,4]. In other words, § = % ifnis

odd, 5=0ifn=0 (mod 6), 5 = [22]+ 1 ifn =4 (mod 6), and § = [22*] ifn = 2 (mod 6).
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Proof. The second equalities in (3.1) and (3.2) follow from Legendre’s formula. So it remains to prove
the first equalities in (3.1) and (3.2). To prove (i), we suppose that a is even and divide the consideration
into two cases.

Casel. 2 Y n Letr = 2nmod6 and s = nmod 6. Then s € {1,3,5}, r = 21 = 4n = 4s
(mod 6), and therefore (r,s) = (4,1),(0,3),(2,5). In addition, A = | 52| = &= and § = [5 =
3,5]. By Theorem 5(i), the left-hand side of (3.1) is A, if s = 1 and A, + 2 if s = 3,5, where

Ay = vy (| Z2]1) = va (| 2]1) = v2 (| 5522 ]!). We obtain by Theorem 4 that

o [E2f) (B 2 e o)

By Legendre’s formula and Lemma 3, we have

(5120 )
(=) (F T e [55)

{§J+{(2a—1)n|:n—s+2“n—r n—s+{r—sJ:2‘1n—

.
6 6 6 6 N =4 6 g ~lseidsl

From the above observation, we obtain

Q'-Dn a-2 {n} 2n —r
- £— +

Ay = =[5 €1{3,5}] —(AD)

3 2 3 6
a—2 n r
—a-L s—{g}—g—[se{&sn—yz(m)
Aoyl ifs=1;
LA A1 i s 3

A—-5-wnAN)—1, ifs=35.

It is now easy to check that A, (if s = 1), A, + 2 (if s = 3,5) are the same as 6 + A — S& — v2(A!) in
(3.1). So (3.1) is verified.

Case 2. 2 | n. We write n = 2°¢ where 2 t £ and let m = [%J, k= LgJ, r=2%mod 3, and s = £ mod 3.
Since a is even, r = s. Then we apply Theorem 6(i) to obtain

24 2a+h
" (( ”n)F) v ((fw )F) S ((’Z)) = vamd) = va(kl) = v2((m = )Y). (3.3)

We see that £ # 0 (mod 3) if and only if n # 0 (mod 3). In addition, A = 5 and § = 0. By
Theorem 4, we have
a
vo(m!) = A — 58 + vo(k!).
In addition,

A.

{2af| V| 20 —-r L—-s 29-¢
m—k: — = — = =

3| |3 3 3 73

AIMS Mathematics Volume 5, Issue 6, 5685-5699.



5691

So vo((m — k)!) = v,(A!). Substituting these in (3.3), we obtain (3.1). This completes the proof of (i).
To prove (ii), we suppose that a is odd and divide the proof into two cases.

Case 1. 2 1 n. This case is similar to Case 1 of the previous part. So we let r = 27 mod 6 and

s = nmod6. Then s € {1,3,5}, r = 2n = 2n = 2s (mod 6), (r,s) = (2,1),(0,3),(4,5), 6 = %,

and the left-hand side of (3.2)is A, if s = 1, A, +2if s = 3, and A, + 3 if s = 5, where A, =

vy ([%”J‘) -V ([%J') -V ([(Z%J‘) In addition, we have

([ ))- S5 e )
(5= (31)-[3)
o e

24 1 L
[ {( A r—[s€{3,5}].
Therefore |
27— 1n a-1 2%n—r
AZ:( 3 ) A3 &+ z —[s € {3,5}] — va(A)).
Furthermore,
Eom 1 fs =1
A= {(2“ ; 1)n| ), 2”n3— A n;s N V; SJ = (2a;1)n’ if s =3
Qf=bn_ 2 ifs=5,

3 3

which implies that A = @ — ¢. Then

A = A= e (5 € (3,51 = va(AD).

It is now easy to check that A, (if s = 1), A, + 2 (if s = 3), and A, + 3 (if s = 5), are the same as
0+A— %e —w(A!)in (3.2). So (3.2) is verified.

Case 2. 2 | n. This case is similar to Case 2 of the previous part. So we write n = 2°¢ where 2 { £ and
let m = l—J k = [ J r = 2 mod 3, and s = £ mod 3. We obtain by Theorem 6 that v, (( ")F) is

(@)

By Theorem 4, we have

(( )) if£=0 (mod 3);
] (7). if (=1 (mod 3); G4
+

B4 1+ va(m — k) + v if£=2 (mod 3).

k b

va(m!) = @ ; Df_a ; Lo {g} + Vo (k).
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Since (2¢ — 1)¢ = £ (mod 3), {(2 1){)} = {g} This implies that vo(m!) = A — %le + v, (k!). In addition,
(r,8) =(0,0),(2,1),(1,2), and

2“€| V| 20—r -5 Q2-Dl—-(r—ys)

m—k:{3 3 T T3 - 3 =A+[s=2]

From the above observation, we obtain

—le ' f :0 1
M\ = 1 — o (k) — _k;:A 7€~ va(AD), ifs=0,1;
12 ((k)) vo(m!) = va(k!) — vo((m = k)!) {A B %8_ WA+ D)), ifs=2.

Substituting this in (3.4), we see that

Na - VZ(A') if¢=0 (mod 3);
v (( nn) ) _ |'b+]-| +A-Sl—yyAD, if¢=1 (mod 3); 35)
' [-I 1+A—_— w(Al), “if =2 (mod 3).

Recall that n = 2°¢ = (—1)¢ (mod 3). So (3.5) implies that

— v (A)), ifn=0 (mod 3);
. —+1+A———v2(A) ifn=1 (mod 3) and b is even;
V) ((2nn) ) = b” +14A-% —»(AY), ifn=1 (mod 3)and b is odd;
F —+1+A———v2(A) ifn=2 (mod 3) and b is even;
Bl A-=l -y, itn =2  (mod 3) and b is odd,
which is the same as (3.2). This completes the proof. O

We can obtain the main result of Maques and Trojovsky [25] as a corollary.

Corollary 8. (Marques and Trojovsky [25]) (zn")F is even for alln > 2.

Proof. Let n > 2 and apply Theorem 7 with @ = 1 to obtain v, ((2”) ) =0+5(A). Ifn=0,1 (mod 6),
thend > 0. If n = 0 (mod 6), thenn > 3 - 2™ andsoA > 1 and s,(A) > 0. If n = 1 (mod 6), then
A= [%J > 1 and so s,(A) > 0. In any case, v, ((2:)1:) > 0. So (%:’)F is even. O

Corollary 9. Letn > 2. Then <4n”)F is even if and only if n is not a power of 2. In other words, for each
neN, (4”) is odd if and only if n = 2* for some k > 0.

Proof. Let 6, &, and A be as in Theorem 7. If n = 2* for some k > 1, then we apply Theorem 7 with
a=2,0=0,e=1,A = 1leading to v, ((‘T)F) = 0, which implies that (‘L")F 1s odd.

Suppose 7 is not a power of 2. By Theorem 7, v, ((‘;”)F) =0+ 5(A) —& > 55(A) — 1. Since n is
not a power of 2, the sum s,(n) > 2. It is easy to see that s,(m) = s,(2°m) for any ¢, m € N. Therefore
$5(A) = 5, (2;('1)) 5> (2"2(”) 2"2(”)) = s55(n) > 2, which implies v, ((‘:’)F) > 1, as required. o

Observe that 2,22, 23 are congruent to 2,4, 1 (mod 7), respectively. This implies that if K > 1 and
k=1 (mod 3), then (1 + 3 - 2¥)/7 is an integer. We can determine the integers n such that (8n")F is odd
as follows.
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Corollary 10. (8)F is odd if and only if n = 22 for some k = 1 (mod 3).

Proof. Let a,6,A, & be as in Theorem 7. We first suppose n = (1 + 3 -2%)/7 where k > 1 and k = 1
(mod 3). Thenn = 7n = 1+3-2= 1 (mod 6). Thena =3, =1,6 =0, A = 2%, andso v, (%) ) = 0.

Therefore (n)F is odd. Next, assume that (n)F is odd. Observe that A > 2 and 5,(A) > 0. If n =0
(mod 3), then & = 0 and v5 (%) ) = 6+ 52(4) > 0, which is not the case. Therefore n = 1,2 (mod 3),
andsoe = 1. If n = 0 (mod 2), then § = [w] > 1, and so ((8:))10 > 5,(A) > 0, which is a

contradiction. Son = 1 (mod 2). This impliesn = 1,5 (mod 6). Butifn =5 (mod 6), then 6 > 2 and
12 ((8") ) > (, a contradiction. Hence n = 1 (mod 6). Then ¢ = 0. Since 5,(A)—1 =, ((8”)F) =0, we

n

see that A = 2F for some k > 1. Then 7”3 L = [ 3 J A = 2k, which implies n = “3 2 as required. O

Theorem 11. For each a,n € N, vs ((5 ”)F) =vs ((5 )) = M In particular, ( ”) is divisible by
5 for every a,n € N.

Proof. The first equality follows immediately from Theorem 5(ii). By Legendre’s formula, vs ((Z)) =
5@ssR-® for all n > k > 1. So vs ((S;’n)F) is

ss(n) +55(5n—n) — s5(5'n)  s5((5* = 1)n)

= m]
4 4

Theorem 12. Let p # 2,5, a,n € N, r = pn mod z(p), s =n mod z(p), and A = [p’igff:;:;)J. Then the
following statements hold.

(i) If p = =1 (mod 5), thenv, ((PZ")F) is equal to

Ao _s@ ) n
p-1 “{pvP<")z<p)} L e “{w(")z<p>}' G0

(i) If p = 2 (mod 5) and a is even, then.y, ((” ;")F) is- equal to

A A
== 2s £01 - v (4D = ) (3.7)
-1 p—1
(iii) If p = +2 (mod 5) and a is odd, then v, ((P)F) is equal to
A a-1
L;Tl| - Ls # 0l - v, (A) +3, (3.8)

where 6 = ([Vpén)J [2 4 v,(n)][r > s]+[r< s]vp(FZ(p))) [r # s], or equivalently, 6 = 0 if r = s,

0= [V”(n)J+vp(FZ(p))l]‘r<s and 6 = ["()-I ifr>s.

Proof. We first prove (i) and (ii). So we suppose that the hypothesis of (i) or (ii) is true. By writing
Vp(Al) = A ”’(A) , we obtain the equalities in (3.6) and (3.7). By Lemma 1(ii), p* = 1 (mod z(p)). Then
r==:.
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Casel. ptn. Letm= [Z(p)J and k = [ (p)J Then we obtain by Theorem 5(iii) that
“n m
Vp ((p ) ) =v, (( )) =v,(m!) —v,(k!) —v,((m = k)!). 3.9
n e k
By Lemma 1(ii) and Theorem 4, we see that if p = +1 (mod 5), then p = 1 (mod z(p)) and
np* n(p®—1) n
v,(m!) =v ({ |!): —a{ }+V (k) (3.10)
g "\Lz(p) 2p)(p-1) wpy) F
and if p = +2 (mod 5) and a is even, then p = —1 (mod z(p)) and
n(p*-1) a
v,(m) = ——— — —[s £ 0] + v, (k!). (3.11)
" p)p-1 2 g
Since z(p) | p* —land p f n, A = "(f (p)l) Therefore

(3.12)

{Pan| {n| pn—r n-s  np*-1)
m—k= i g AN/ -

p| 2w 2w e wp)
Substituting (3.10), (3.11), and (3.12) in (3.9), we obtain (3.6) and (3.7).

Case 2. p | n. Let n = p®€ where p 4 €, m = I_Z(p)J and k = |_ (p)J Since r = s, we obtain by Theorem
6 that v, ((”n")p) is equal to
£ a+b m
Vp (( 5 b ) ) = Vp ((k)) =v,(m!) = v,(kY) —v,((m = k)!). (3.13)
D"/

Since ged(p, z(p)) = 1, we see that £ = 0 (mod z(p)) © n =0 (mod z(p)) & s = 0. Similar to Case
1, we have v,(m!) = 761~ a{Ld 4 v, (k1) if p = 21 (mod 5), v(m!) = {61 — 4[5 # 0] +v,, (k!)
if p = £2 (mod 5) and @ is even, {p* = £ (mod z(p)), A = e(f( )1), and m—k = A. So (3.13) leads to
(3.6) and (3.7). This proves (i) and (ii).

To prove (iii), suppose that p = +2 (mod 5) and «a is odd. By Lemma 1(ii), p = —1 (mod z(p)). In
addition, L__ll =p* 4+ p® 24 .+ 1 =1 (mod z(p)). We divide the consideration into two cases.
Case 1. p 1’ n. This case is similar to Case 1 of the previous part. So we apply Theorems 4 and 5(iii).

Letm = |_ e )J and k = |_ (’;)J. Then

n(p®—1) a-—1
- 0] - k!
-y 2 0 {(>}+V”( !
_pn-r n-s_np'-DH-(0=-y
CowAp) Ap) 2p)
A:{np“—r_n—s+r—s|:m_k+{r—s|.
z(p) z2p)  zp) z(p)

Since Z51 = 1 (mod z(p)), "5 = n (mod z(p)). This implies that { #4141 = { -} Therefore

vy(m!) =

b

n(p’ —1)
2p)p—1)

a —

5 1[s # 0] + v, (k!).

|—a;1[s¢0]+vp(k!):{i|—

vy(m!) = { P
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From the above observation, if r > s, then A = m — k and

)l

which leads to (3.8). If r < s, then A = m —k — 1, | 222222 | = A + 1, and v, (") ) is equal to

A -1
{—p — 1| -4 > [s #0] =v,(A+ D) +v,(A+ 1)+ v,(Fyp)

A a—1
- Lﬁ| = =55 # 01 = v (AD) + 7, (Fyp),
which is the same as (3.8).

Case 2. p | n. Letn = p®¢ where p ¥ €, m = [Z%J, and k = LT‘;)J SimilartoCase 1, s =0 £ =0
(mod z(p)). In addition, % = ¢ (mod z(p)), and so we obtain by Theorem 4 that v,(m!) = [AJ -

p-1
%[s # 0] +v,(k!). The calculation of v, ((” Z")F) =V, ((ggpb )F) is done by the applications of Theorem
6 and is divided into several cases. Suppose r = s. Then p**’¢ = pn = r = s = n = p’¢ (mod z(p)).

Since (p, z(p)) = 1, this implies £p® = £ (mod z(p)). Therefore A = [";—;’J = L=t = m -k and

)it

which is (3.8). Obviously, if £ = 0 (mod z(p)), then r = s, which is already done. So from this point
on, we assume that » # s and € # 0 (mod z(p)). Recall that p = =1 (mod z(p)) and a is odd. So if b
is odd, then

a+b

r=np’=-n= —pbf ={¢ (mod z(p)), s=n= pbt’ =-—{={(p* (mod z(p)), and

Vp“—s t-r s—r| ph—s C—r {s—r| {s—r|

A= A + = = + =m-k+ .

wp)  wp) Ap) 2p)  zZp)y Lp) z(p)

Similarly, if b is even, then r = €p® mod z(p), s = { mod z(p), and A = m — k + [Z’(;IJS)J Let R =

L%IJ — %[s # 0] —v,(A!) + ¢ be the quantity in (3.8). From the above observation and the application

of Theorem 6, we obtain v, ((”Z")F) as follows. If r > s and b is even, then A = m — k and

a b b | A ~1
wl(7))= 530 (()=3+[75] - e -n

If r>sand bis odd, thenA =m —k — 1 and

4 b+1
(), )= 55 o)

b+1 A a—
= —+ —
2 p—1 2

1[s #0]-v,(A!) =R.
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If r<sand biseven,thenA =m —k -1 and

a b
v, ((pnn)F) =2+, (Fap) +vpA+ D+, (('Z ))

— l_7 +vp(FZ(p))+{pé |— agl[s;&O]—vp(A!) =R

2 1

If r < sand b is odd, then A = m — k and

A )

b-1
= — + Vp(Fz(p)) + 1

2

;1[s¢0]—vp(A!):R

This completes the proof. O

In the next two corollaries, we give some characterizations of the integers n such that (p:”)F is
divisible by p.

Corollary 13. Let p be a prime and let a and n be positive integers. If n = 0 (mod z(p)), then p | (”:")F.

Proof. We first consider the case p # 2,5. Assume that n = 0 (mod z(p)) and r, s, A, and ¢ are as

in Theorem 12. Then W) o ﬁ € Z,r = s = 0,and 6 = 0. Every case in Theorem 12 leads to
vy ((” ”)F) = S[ffi) > 0, which implies p | (pZ")F. If p = 5, then the result follows immediately from
Theorem 11. If p = 2, then every case of Theorem 7 leads to v, ((ZZn)F) > 5,(A) > 0, which implies the

desired result. O

Corollary 14. Let p # 2,5 be a prime and let a, n, r, s, and A be as in Theorem 12. Assume that
p = +x2 (mod 5) and n £ 0 (mod z(p)). Then the following statements hold.
(i) Assume that a is even. Then p | (” n")F if and only if s,(A) > 5(p = L).
(i1) Assume that a is odd and p { n. If r < s, then p | (” Z")F. If r > s, then p | (p Z")F if and only if
sp(A) > H(p-1).
(iii) Assume that a is odd and p | n. If r # s, then p | (p :”)F Ifr = s, then p | (” :")F if and only if
sp(A) > “L(p—1).

Proof. We use Lemmas 2 and 3 repeatedly without reference. For (i), we obtain by (3.7) that

a A
v, ((p ”) ) =5 a - ich is positive if and only if s,(4) > £(p - 1)
nj)g) p-1 2 2

This proves (i). To prove (i1) and (ii1), we let ¢ be as in Theorem 12 and divide the consideration into
two cases.

Case 1. p t n. If r < s, then we obtain by Theorem 5(iii) that v, ((”n")F) > vp(Fyp) = 1. Suppose
r>s. Then 6 = 0 and (3.8) is

A —a_l—v(A')— A _a—l_A—Sp(A)_Sp(A)_ A _a—l
p—1 2 P p =1 2 p-1  p-1 |p-1 2
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If 5,(A) > “1(p — 1), then (3.8) implies that

RIRNER

Similarly, if s,(4) < %L(p — 1), then v, (") .) < 1 = {-4;} < 1. This proves (ii).
Case 2. p | n. We write n = p’¢ where p + ¢. Then b > 1. Recall that v,(F,,) > 1. If r # s,

then Theorem 6 implies that v, ((”n”)) > L if b is even and it is > 2 if b is odd. In any case,

v, ((”a")F) >1.Sop| (”;")F. If r = s, then § = 0 and we obtain as in Case 1 that p | (p;”)F if and only

n

if 5,(A) > “L(p — 1). This proves (iii). O

Corollary 15. Let p # 2,5 be a prime and let A = pf}f{;;zl(;). Assume that p = +1 (mod 5). Then
p | (pn”)F if and only if 5,(A) > p — 1.

Proof. We remark that by Lemma 1(ii), A is an integer. Let x = m. We apply Theorem 12(1)
with @ = 1. If 5,(A) > p — 1, then (3.6) implies that v, ((?") ) > 1 = {x} > 0. If 5,(A) < p — 1, then
Vv, ((’Z’)F) < 1 —{x} < 1. This completes the proof. m]

4. Conclusions

We give exact formulas for the p-adic valuations of Fibonomial coefficients of the form (”Z")F for

all primes p and a,n € N. Then we use it to characterize the integers n such that (”Z")F is divisible by
.
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