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Chapter 1

Introduction

Throughout this thesis, let p be a prime, a and b relatively prime integers,
k, m, and n positive integers. The exact divisibility denoted by m*||n means m*|n
and mF*t § n, and for n € N, the p-adic valuation of n, denoted by v,(n) is the
power of p in the prime factorization of n. The sequence F,, of the Fibonacci
numbers is defined by the recurrence relation: F,, = F,,_1 + F,,_5 for n > 2 and
Fy =0, F} = 1. The sequence L,, of the Lucas numbers is defined by the recurrence
relation: L, = L1+ L, o for n > 2 and Ly =2, Ly = 1. The sequences (U, )n>0
and (V},)n>0 are the Lucas sequences of the first and second kinds which are defined

by the recurrence relations
Up=0,U=1,U,=alU,_1+bU,_5 forn > 2,
Vo=2, Vi =a,and V,, = aV,,_1 + bV,,—5 for n > 2.

To avoid triviality, we always assume that b # 0 and «//f is not a root of unity
where o and 3 are the roots of the characteristic polynomial 2> — ax — b. In
particular, this implies that o # 8, @ # —f3, the discriminant D = a? + 4b # 0,
Up, #0,and V,, # 0 forall n > 1. If @ = b =1, then (U,),>o reduces to the
sequence of Fibonacci numbers F,, and (V},),>0 reduces to the sequence of Lucas
numbers L,; if a = 6 and b = —1, then (U,,),>o becomes the sequence of balancing
numbers; if a = 2 and b = 1, then (U,),>¢ is the sequence of Pell numbers. Many
other famous integer sequences are just special cases of the Lucas sequences of the
first and second kinds.

The divisibility by powers of the Fibonacci numbers has attracted some
attentions because it is applied in Matijasevich’s solution to Hilbert’s 10th problem

[7, 8, 9]. More precisely, Matijasevich showed that

F?| F,, ifandonlyif F,|m. (1.1)



In 1977, Hoggatt and Bicknell-Johnson [3] gave another proof of (1.1) and extended
it to higher powers. Hoggatt and Bicknell-Johnson [3] proved that

if F¥ | m, then F* | F,,, (1.2)

which is a generalization of the converse statement of (1.1). Some of the different
proofs of (1.2) can also be founded in Benjamin and Rouse [1], and Seibert and
Trojovsky [29]. In 2012, Tangboonduangjit and Wiboonton [31] investigated some

properties of the following sequence,

Fn: FnFna FnFnFn

Faby oo

Let Gi(n) be the kth term of this sequence. They proved that F¥ | Gy(n) for ev-
ery positive integers k£ and n. Furthermore, Panraksa, Tangboonduangjit and Wi-
boonton [14] proved that E¥ || G}.(n) for all positive integers k and n with n > 3 in
2013. In 2014, Onphaeng and Pongsriiam [12] defined a sequence (G(k,n, m))g>1
by G(1,n,m) = F* and G(k+1,n,m) = Fua@nm) for all k > 1. We showed that
Frtm=1 | G(k,n,m) for all k;m,;n € N. Based on the work studied by Pongsri-
iam [20] in 2014, a number of general results in this direction are provided in the
following three theorems, especially, the property given in (1.2) that is extended
to include the divisibility and exact divisibility for both the Fibonacci and Lucas

numbers.
Theorem 1.1. [20, Theorem 2] Forn >3, we have

(i) if F¥ || m and n # 3 (mod 6), then E*1 || B;

FhL

(it) if F¥ || m, n =3 (mod 6), and 45—t m, then FF™ || Fop;

Fltt
2

(iii) if F* || m, n =3 (mod 6), and | m, then F**2 || Fpp.
Theorem 1.2. [20, Theorem 3] Let m be an odd integer. Then
(i) if LF | m, then LEY1 | Ln;

(ii) if n > 2 and LF || m, then LETY || L.



Theorem 1.3. [20, Theorem 4] Let m be even and n > 2. Then the following

statements hold.
(i) if LE | 'm, then LF*Y | F,,,.;

(ii) if LE || m and n £ 0 (mod 3), then L+

| Foum;
(iii) if L¥ || m, n =0 (mod 6), and # tm, then LEY || Fpn;

(iv) if L* || m, n =0 (mod 6), and % | m, then LEY? | F,,,;

(v) if LE || m, n =3 (mod 6), and L%jl tm, then LFY || Fn;

(vi) if LE || m, n =3 (mod 6), and L%;rl |'m, then LET2 | 4F,,,.

Recently, Onphaeng and Pongsriiam [13] gave the converse of Theorems

1.1, 1.2, and 1.3 as follows.

Theorem 1.4. [13, Theorem 3.2] Let k, m,n be positive integers and n > 3. Then
the following statements hold.

(i) if EFY || Fopand n# 3 (mod 6), then EX || m;
(ii) if F** || o, n.=3 (mod 6), and 2% | m, then EF || m;
(iii) if F*Y || Em, n=3 (mod 6), and 2% { m, then E¥-1|| m.

Theorem 1.5. [13, Theorem 3.3] Let k,m,n be positive integers and n > 2. Then
the following statements hold.

(i) if L**Y | Ly, thenn 2 0 (mod 3), m is odd, and LE | m;
(ii) if L*Y || Ly, then LE || m.

Theorem 1.6. [13, Theorem 3.4] Let k,m,n be positive integers and n > 2. If

LEYL | F,,,., then m is even. Moreover, the following statements hold.
(i) if L*Y | Fyp and n 2 0 (mod 6), then LE | m;

(ii) if L¥Y || Frp and n 2 0 (mod 6), then L || m;



(iii) if L*Y | Fpp and n =0 (mod 6), then [mindvz(m).k} | m;
(iv) if L || Fy,,, and n =0 (mod 6), then [mindvz(m).k} | m.

By applying the results proposed in the articles [13, 20], Onphaeng and
Pongsriiam obtained complete answers to this kind of questions for the Fibonacci
and Lucas numbers. Then Panraksa and Tangboonduangjit [15] initiated the in-
vestigation on a special subsequence of (U,,),>o. Patra, Panda, and Khemaratcha-
takumthorn [16] also obtained the analogue of those results for the balancing and
Lucas-balancing numbers. For other related and recent results on Fibonacci, Lu-
cas, balancing, and Lucas-balancing numbers, see, for example, [2, 4, 5, 6, 17, 18,
19, 21, 22, 23, 24, 25, 26, 27, 30} and references there in.

In this thesis, we extend Theorems 1.1 and 1.4 to the case of U,,, Theorems
1.2 and 1.5 to the case of V,,, and Theorems 1.3 and 1.6 to the case of U,, and V,,

mixed in together.



Chapter 2

Preliminaries and Lemmas

In this section, we recall some definitions and well known results, and
give some useful lemmas for the reader’s convenience. The order (or the rank)
of appearance of n € N in the Lucas sequence (U,),>o is defined as the smallest
positive integer m such that n | U,, and is denoted by 7(n). We sometimes write
the expression such as a | b | ¢ = d to mean that a | b, b | ¢, and ¢ = d. For
each z € R, we write [z] to denote the largest integer less than or equal to z. So
|lz| <z < |z|+ 1. Welet- D =a® + 4b be the discriminant and let o and 3 be
the roots of the characteristic polynomial 2> —ax —b. Then it is well known that

if D # 0, then the Binet formula

Un:a _g and V,, = a4 ™ holds for all n > 0.
a_

Next, we recall Sanna’s result [28] on the p-adic valuation of the Lucas sequence

of the first kind.

Lemma 2.1. [28, Theorem 1.5] Let p be a prime number such that p t b. Then,

for each positive integer n,

¢

vp(n) +0,(Up) =1 ifp| D andp|n,
0 if p| D and p1n,
vp(Un) = vp(n) +p(Upr)) =1 if pt D, 7(p) | n, and p | n,
Up(Ur(r) ifptD, 7(p) [ n, and ptn,

0 if pt D and 7(p) 1 n.

\



In particular, if p is an odd prime such that p 1 b, then, for each positive integer n,

;

vp(n) +v,(Up) =1 if p| D andp|n,
0 if p| Dand ptn,
vp(n) +vp(Urp))  if pt D and 7(p) [ n,

0 if ptD and T(p) 1 n.

\

We also recall a result by Panraksa and Tangboonduangjit [15] in their

calculation concerning a special subsequence of (U,,)n>0.

Lemma 2.2. [15, Lemma 2.3] Let m,n > 1 andp a prime factor of U, such that
ptb. Then, if (i) p is odd, or (ii) p =2 and n is even, or (iii)) p = 2 and m is
odd, we have

Up(Unm) = Up(m) + vp(Un)-

From Lemma 2.1, and the fact that V,, = Us, /U, we easily obtain the

following result.

Lemma 2.3. [11, Lemma 4] If p is an odd prime and p1b. Then, for each positive
integer n,

o (V] vp(n) +vp(Ur)) if pt Dy m(p) 1 nand 7(p) | 2n,

0 otherwise.

The next two lemmas are also important tools in proving exact divisibility

by U for all n, k € N.

Lemma 2.4. [12, Lemma 2.3] Let k, ¢, m be positive integers, s nonzero integer,
and s* | m. Then s*+* | (T;)sj for all 1 < j < m satisfying 2271 > j. In

particular, s*1 | (?)sj for all1 < j <m, and s*+? | (T;‘)sj forall3<j<m.

Proof. The statement in [12, Lemma 2.3] is given for s > 1 but it is easy to see
that if s < —1, then we can replace s by —s and every divisibility relation still

holds. Therefore this is true for all s # 0. U

Lemma 2.5. [10, Lemma 5] Let m,n > 1 and r > 0 be integers. Then



(i) Umn—i—T:ZJ 0( )Uj(bUn 1) md Jtrs
(ii) Umn:z; 1( )UJ(bU” )" _jUj'

Proof. By Binet’s formula, we obtain o™ = aU,, 4+ bU,,_1, ™ = U, + bU,_1, and

a/mn+r _ an+r

Umn+r =

- ((aU +0Up1)" " — (BU, + bUn1)" B7)

_ ( 3 ) (b0, 1) " — zm: (Z”) (BU)’ (bUnl)mj6T>

J=0

\Q

m
J

M= 5|

v

UJ (b0, 1) ™ U s

.
Il
=)

This proves (i). Since Uy = 0, (ii) follows immediately from (i) by substituting
r = 0. ]

Recall that we assume throughout this article that (a,b) = 1. This is

necessary for the proof of the following lemmas.

Lemma 2.6. [10, Lemma 6] Suppose (a,b) = 1.0 Then (U,,,U,) = Uinny and in

particular (Uy,,Uyyq) = 1 for each m,n € N.
Proof. This is well known. ]

Lemma 2.7. [11, Lemma 5] Let n >'1 and (a,b) = 1. Ifp | U, or p| V,, then
p1b. Consequently, (Uy,,b) = (V,,b) =1 for alln > 1.

Proof. The case for U, is already given in [10, Lemma 7|. So suppose by way of
contradiction that p | V,, and p | b. Since V,, = aV,,_1 + bV,,_2 and (a,b) = 1, we
obtain p | V,,_1. Repeating this argument, we see that p | V,,, for 1 < m < n. In
particular, p | Vi = a contradicting (a,b) = 1. So if p | V,,, then p { b, and the

proof is complete. [

Lemma 2.8. [10, Lemma 8] Let a and b be odd, (a,b) = 1, and vy(Ug) > ve(Us)+2
Then vy(Us) = 1.



Proof. Since Uz = a®+ b is even and U = a(a® 4 3b)Us, we obtain vy(U3) > 1 and
UQ(Uﬁ) = Ug(Ug) + ’02((12 -+ 3b) (21)

If vo(U3) > 2, then 4 | a®> + b, and so b = 3 (mod 4) and (2.1) implies vo(Us) =
v9(Us) + 1 contradicting ve(Ug) > v9(Us) + 2. Thus v,y(Us) = 1. O

For convenience, we also calculate the 2-adic valuation of U,, and V,, as

follows.

Lemma 2.9. [11, Lemma 7| Assume that a is odd, b is even, and n > 1. Then

ve(U,) = v2(V,) = 0.

Proof. Since U; = 1 and Uy = a are odd, and U, = aU,_1 +bU,_5 = U,_; (mod 2)
for r > 3, it follows by induction that U, is odd. Since V,, = UU—QS, V,, is also odd.

This proves the lemma. O

Lemma 2.10. [11, Lemma 8] Assume that a is even, b is odd, and n > 1. Then

(

. vg(n) +vg(a)—1 4f 2| n,
0 if 24 n,
1 if 2

oo (V) if 2|,
\1)2(&) Zf2+n7

Proof. Since 2 | D, we obtain by Lemma 2.1 that for each n € N, vy(U,) =
vo(n) + ve(Uz) — 1 if 2 | n and ve(U,) = 0 if 2 t n. Since Uy = a, the formula for
v9(U,,) is verified. Then vy(V},) can be obtained from a straightforward calculation

and the fact that V,, = %’: This completes the proof. [



Lemma 2.11. [11, Lemma 9] Assume that a and b are odd, and n > 1. Then

(

vo(n) +v2(Ug) —1 ifn=0 (mod 6),

v2(Un) = 4 0y(Us) ifn=3 (mod 6),
\0 ifnZ0 (mod 3),
( 1 ifn=0 (mod 6),

va(Va) = v2(Us) —v2(Us) if n=3 (mod 6),

0 ifn#0 (mod 3),

Proof. Since U; and U, are odd, and Us = a* 4+ b is even, we have 7(2) = 3. In
addition, 2 ¢ D. Furthermore, 3 | n and 2 | n if and only if n = 0 (mod 6); 3 | n
and 2t n if and only if n.= 3 (mod 6). Then applying Lemma 2.1 and the fact

that V,, = %, we obtain the desired result. O



Chapter 3
Main Results

In this chapter, we present results of exact divisibility by powers of the
integers in the Lucas sequences of the first and second kinds. We begin with the
Lucas sequence of the first kind and give some examples. After that we show the
result of the Lucas sequence of the second kind and example. Finally, we prove a

result of the Lucas sequence in the case of the mix of first and second kinds.

3.1 Exact divisibility by powers of the integers in the Lucas

sequence of the first kind

In this section, we extend Theorems 1.1 and 1.4 to the case of U, and

obtain some relevant results.

Theorem 3.1. [10, Theorem 9] Let k, m, and n be positive integers. If UF | m,
then UK | U,y

Proof. If U* | m, then we obtain by Lemma 2.4 that, U+ | (T) Uiforalll <j<
m, which implies U**! | U,,,,, by Lemma 2.5. O

Next, we extend Theorem 3.1 to include exact divisibility. The proof of
Theorem 3.2 is much longer than that of Theorem 3.1 since we would like to cover
all possible cases. Although many cases can be combined, it is more convenient
to state them separately. Recall that for € R, the largest integer which is less

than or equal to z is denoted by |x].

Theorem 3.2. [10, Theorem 10| Let k,m,n € N, a,b € Z, (a,b) =1, n > 2, and
U* || m. Then

(i) if a is odd and b is even, then UM™Y || Upp;
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(ii) if a is even and b is odd, then UL || Uy,;

(iii) if a and b are odd and n % 3 (mod 6), then U || Upp;

Ukttt
2

(iv) if @ and b are odd, n =3 (mod 6), and tm, then UM™Y || Upin;

v) if a and b are odd, n = 3 (mod 6), Ua' m, and 2 || a®> + 3b, then UF*!
2 n
(’ nm;

k+1

vi) if a and b are odd, n =3 (mod 6), Yo— | m, and 4 | a® + 3b, then UFtt+!
2 n

Unm, where

t = min({v2(Us) — 2} U{y, —k | p is an odd prime factor of U, })

vp(m)
n)

and y, = L}p(U J for each odd prime p dividing U, .

Proof. By Theorem 3.1, we obtain U | U,,,. So for (i) to (v), it is enough to
show that U,’fJr2 1 Upm. We divide the caleulation into several cases.

Case 1 a is odd and bis even. By Lemma 2.9, we obtain U, is odd. From
the assumption UF || m, we have U¥! {m, and so there exists a prime p dividing
U, such that v,(UF™) > v,(m). Since U, is odd, p is also odd. In addition, p { b

by Lemma 2.7 So we can apply Lemma 2.2(i) to obtain
Up(Ungn) = vp(m) +v,(U) < Up(UJ;H) + vp(Un) = Up<U7]:+2)>

which implies U¥*2 { Uy, as required. This proves (i).

Case 2 a is even and b is odd. Similar to Case 1, we have U; is odd, U,
is even, U, = U,_5 (mod 2) for r > 3, and so U, is even if and only if n is even.
In addition, there exists a prime p such that p | U, v,(U*1) > v,(m), and p 1 b.
So if 2 1 n, then U, is odd, p is odd, and we obtain by Lemma 2.2(i) that

Up(Unim) = vp(m) + vp(Un) < 0p(Up™) + 0p(Un) = (U ), (3.1)

which implies U¥*2 § U,,,,,. If 2 | n, then we can still use either Lemma 2.2(i) or
Lemma 2.2(ii) to obtain (3.1), which leads to the same conclusion U**? { U,,,.

This proves (ii).
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Case 3 a and b are odd. Similar to Case 1, there is a prime p such that
p | Un, vp(UE) > vy(m), and p 1 b.

Case 3.1 n # 3 (mod 6). If n = 1,2,4,5 (mod 6), then we obtain by
Lemmas 2.11 and 2.2, respectively that p is odd and

Op(Unm) = vp(Un) + vp(m) < vp(Uyn) + Up(Ur]zH—l) = UP<US+2)- (3.2)

If n =0 (mod 6), then n is even and Lemma 2.2(i) or Lemma 2.2(ii) can still be
used to obtain (3.2). In any case, U2 { U,,,. This proves (iii).

Case 3.2 n = 3 (mod 6) and # ¥ m. Since U || m, we can write
m = cU? where ¢ > 1 and U, { ¢. By Lemma 2.4, U2 | (T) Ui for 3 < j < m.
Then we obtain by Lemma 2.5 that
m(m — 1)

Unm = Umn = mUn(bUn—l)m_l + 2

U2(bU,—1)™%a  (mod UF?).

By Lemma 2.11, we know that v (U,) = v9(Us) > 1. Since @ tmand m = cUF,
we see that % does not c. Let d =bU,,_; + %(m — 1)a. By Lemmas 2.6 and 2.7,
we obtain (%,d) — (%,bUnﬁl) = 1. Then

Un
Upm = mU,b™ UM <bUn_1 - 7(m £ 1)a) = UMy 2Um™ 24 (mod UF?).

By Lemmas 2.6 and 2.7, we obtain U2 | U, if and only if U, | cd. But if
Uy | cd, then B | ed which implies & | ¢, a contradiction. So U, { cd and therefore
U2 4 Up,m. This proves (iv). To prove (v) and (vi), we first assume that a and
b are odd, n = 3 (mod 6), and Uﬁ;l
later). Then v,(U*!) < v,(m) for all odd primes p and vy (UF1) — 1 < wy(m). If

va (UMY — 1 < wy(m), then vo(UF) < wy(m), and so v,(UF) < w,(m) for all

| m.(The other condition will be assumed

primes p, which implies U¥™ | m contradicting the assumption U” || m. Hence
vy (UFT) — 1 = vy(m) and v, (UFT) < v,(m) for every odd prime p (3.3)

We now separate the consideration into two cases according to the additional
conditions in (v) and (vi). Observe that ve(a?+3b) = 1 is equivalent to 2 || a?+3b.

Case 4 vy(a® + 3b) = 1. Since Us = a(a® + 3b)Us, we obtain vy(Us) =
v9(U3) + 1. Recall that n = 3 (mod 6) and U* | m. So n is odd, m is even, and
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nm =0 (mod 6). If U¥? | U,,,, then we obtain by Lemma 2.11 and (3.3) that

Vo (U ™) + v2(Un) = v2(Ur"?) < v2(Upm) = v2(n) + va(m) + v2(Us) — 1
= U2<U5+1) -1+ U2(U3)

= v (UF) + 0y (U,) — 1,

which is a contradiction. Therefore U**2 f U,,,,,. This proves (v).
Case 5 vy(a? 4 3b) > 2. Then vy(Us) = v2(Us) + va(a® + 3b) > ve(Us) + 2.
By Lemma 2.8, v(Uz) = 1 and so ve(Us) = = + 2 where z = vy(a® + 3b) — 1 € N.

vp(m)
vp(Un)

”(m)). Since UF | m; we have y, > k for all odd p | U,. Let

v
vp(Un

For each odd prime p dividing U, let y, = L J be the largest integer which is

less than or equal to

t =min({z} U{y, — k| pis an odd prime factor of U,}).
Then ¢ > 0. By Lemma 2.11 and (3.3), vs(m) = (k+ 1)vs(Us) — 1 = k and
UQ(Unm) = ’UQ(TTL) + ’U2(U6) — 1=k +x4+1 Z k +t+1= Ug(Us+t+1>. (34)

By the definition of y,, we have v,(m) > y,v,(U,). So by Lemma 2.2, if p is an
odd prime dividing U,,, then

0p(Unm) = 0p(m)-F0p(Un) 2 (L) (Ur) > (k4 Do (U,) = v, (UF). (3.5)

By (3.4) and (3.5), vp(Upim) = v,(UFT1) for all primes p dividing U,,. This show
that UM | U,,,,. It remains to show that UM 4 U, .. If t = y, — k for some
odd prime p dividing U, then we recall the definition of y, and apply Lemma 2.2

to obtain
0p(Um) = 0p(1) + 0(Un) < (3 + 200 (Ur) = (b + £ + 2 () = 0, (UEH+2).
If t =2 = vy(Us) — 2, then we use Lemma 2.11 to get
Ve (Upm) = va(m) +0a(Us) — 1 =k +t + 1 < vy (UFTT2),
In any case, U2 4 U,,,,,. This completes the proof. O

Theorem 3.2 is the extension of Theorem 1.1 to the case of U,. The
next example shows that the integer ¢ in Theorem 3.2(vi) can be any odd positive

integer.
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Example 3.3. Let M € N be given. We show that there are positive integers
k, m, n, a, b satisfying the conditions in Theorem 3.2(vi) with ¢ = M. Choose
a=1and b= (2" —1) /3. Then a and b are odd integers, (a,b) = 1, and
vo(a® + 3b) = 4M > 2. Next choose any k,n € N such that n = 3 (mod 6). Since
vo(Us) = v2(Us) + va(a® + 3b) > vy(Us) + 2, we obtain by Lemmas 2.11 and 2.8
that vy(U,) = v9(Us) = 1 and vy(Ug) = 4M + 1. Since U,, > Uz = a®> + b > 2
and vo(U,) = 1, we can write U, = 2p{'p5?---p% where s > 1, p1,pa,...,Ps
are distinct odd primes, and aq,as,...,as are positive integers. Next, choose
?I(HM)]?;Q(HM) oo p2e M) S pen UF || m and Us”

Upt | m. Therefore k, m,

_ ok
m = 2%p 2

n, a, b satisfy all the conditions in Theorem 3.2(vi). Finally, we have
’UQ(UG) —2= ’U2((I2 +3b) —1=4M —1

and y,—k = M for all p € {py, p2, .., ps}, and therefore t = min{4M—1, M} = M,

as desired.
Next, we prove the converse of Theorem 3.2.

Theorem 3.4. [10, Theorem 12] Let k,m,n € N, a;b € Z, (a,b) =1, n > 2, and
UMY || Upm. Then

(i) if a is odd and b is even, then U* || -m;
(i) if a is even and b is odd, then UF || m;
(iii) if @ and b are odd and n # 3 (mod 6), then UF || m;
(iv) if a and b are odd, n = 3 (mod 6), and 2 || a*> + 3b, then UF || m;
(v) ifa and b are odd, n = 3 (mod 6), 4 | a® +3b, and va(m) > k, then U* || m;
(vi) if a and b are odd, n = 3 (mod 6), 4 | a®> + 3b, and vo(m) < k, then

m is even, va(m) > k + 1 — vy(a® + 3b), and U™ || m.

Proof. Some parts of the proof are similar to those of Theorem 3.2, so we skip

some details.
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Case 1 a is odd and b is even. Similar to Case 1 of Theorem 3.2, we have

U, is odd. For any prime p | U,,, we obtain by Lemma 2.2 that
v, (UF) 4+ v, (U,) = v (UM™Y <0, (Upin) = 0, (Uy) + v, (m), (3.6)

which implies U* | m. If U*! | m, then by Theorem 3.1, we have U2 | U,,,
which contradicts U || U,,. Therefore U ¥ m, and thus UF || m.

Case 2 a is even and b is odd. Then U, is even if and only if n is even.
So if 2 { n, then for any prime p | U,, we have p is odd, (3.6) holds, and so U* | m.
If 2 | n, then we can still apply Lemma 2.2(i) or Lemma 2.2(ii) to obtain (3.6)
and conclude that UF | m. If U**! |'m, then by Theorem 3.1, we have U*2 | U,,,
which contradicts UM || Upp: So UMt m and therefore UF || m.

We now assume throughout that a and b are odd and divide the consid-
eration into four cases according to the additional conditions in (iii) to (vi).

Case 3 n # 3 (mod 6). If n =1,2,4,5 (mod 6), then we apply Lemma
2.11 to obtain vy(UF) =0 < vs(m), and use Lemma 2.2 to show that for any odd

prime p | U,
Up(Un) + Up<Ual§) I Up(Ur]erl) < Up(Unm) = Up('m) + Up<Un>‘ (3.7)

If n =0 (mod 6), then n is even and we can apply Lemma 2.2(i) or Lemma 2.2(ii)
to obtain (3.7) for any prime p | U,. In any case, we have U* | m. Again, by
Theorem 3.1, we have U1t m, and so U || m. This proves (iii).

Case 4 n = 3 (mod 6) and 2 || @*+ 3b. Similar to Case 4 in the proof
of Theorem 3.2 we have vy(Us) = v2(Us) + 1. If m is odd, then nm = 3 (mod 6)
and we obtain by Lemma 2.11 that ve(Up) = v2(Us) < (k+ 1)vy(Us) = vo(UFY),
which contradicts the assumption U | U,,,. So m is even, and thus nm = 0
(mod 6). By Lemma 2.11 and the fact that n = 3 (mod 6) is odd, we obtain
va(m) +v3(Ug) — 1 = v9(Uppm) > v2(UF) = 09 (UF) + v9(U,) = v2(UF) + 05 (Us) =
vo(UF) + vo(Us) — 1, which implies va(m) > v2(UF). If p is odd and p | U,, then
we apply Lemma 2.2 to obtain (3.7) Therefore v,(U¥) < v,(m) for every prime
p dividing U,,. Thus U* | m. By Theorem 3.1, U** ¥ m. Hence UF || m. This

proves (iv).
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Case 5 n =3 (mod 6), 4 | a®> 4+ 3b, and vy(m) > k. Then Us = a®> + b =
(a*> + 3b) — 20 = 2 (mod 4), and so v2(Us) = 1. By Lemma 2.11, we obtain
va(m) > kvy(Us) = kva(Uy,) = v2(UF). By Lemma 2.2, if p is an odd prime
dividing U, then (3.6) holds, and so we conclude that v,(UF) < v,(m) for every
prime p dividing U,,. Therefore U* | m. By Theorem 3.1, U*! ¥ m and so U* || m.
This proves (v).

Case 6 n =3 (mod 6), 4 | a® + 3b, and ve(m) < k. For convenience, let
t = va(m). Similar to Case 4, we have m is even. In addition, vy(Us) = v9(Us) +
v9(a?+3b) = 14v9(a®+3b). Sok >t > 1 and ve(m) = tvy(Us) = tva(U,) = va(UY).
By Lemma 2.2, if p is odd and p'| U, then

vp(Uy) + Up(Urtz) < v(Un) + UP(U:) 7 Up(lef+1) < 0p(Unm) = vp(m) + v,(Uy).

From the above inequalities, we obtain that v,(Ut) < v,(m) for every prime p
dividing U,,. Therefore Ut | m. If UL'Y | m, then we obtain by Lemma 2.11 that
t = vg(m) > vo(ULT) =t +1, which is false. So UL f m. Therefore U! || m. From
UMY Uy, we also obtain k + 1= vo(UF) < a(Up) = va(m) + v9(Ug) — 1 =
va(m) + va(a? + 3b), which implies vy (m) > k + 1 = wvy(a® + 3b). This completes
the proof. n

Theorem 3.4 is the extension of Theorem 1.4 to the case of U,,. The next

example shows that ve(m) in Theorem 3.4(vi) can be any positive integer in [1, k).

Example 3.5. Let £ > 1 and 1 < M < k be integers. We show that there are
m,n,a,b satisfying the conditions in Theorem 3.4(vi) with ve(m) = M. Choose
n € Nand n =3 (mod 6).

Case 1 k— M is odd. Choose a =1,b=
a and b are odd integers, (a,b) = 1, and vo(a® + 3b) = k — M + 1 > 2. Since

2k—kf+1_1

Uk
3 ,andmzzkf”M. Then

v2(Us) = v2(Us) +v2(a? +3b) > v3(Us) +2, we obtain by Lemma 2.11 and 2.8 that
v9(U,) = v2(Us) = 1 and vy(Us) = k— M +2. By Lemma 2.2, for p > 2 and p | U,

we obtain

Vp(Unm) = vp(m) + v, (Uy,) = Up(U:) + vp(Un) = Up(USH)-
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By Lemma 2.11, we have
ve(m) = va(UF) —vp(2""™M) =k —k+ M =M
and
V2 (Upm) = va(m) +vo(Ug) =1 =M +k — M +2 — 1 = vp(UF).

From these, we obtain U**! || U,,,, and UM || m. Therefore k,m,n,a,b satisfy all
the conditions in Theorem 3.4(vi).

Case 2 k— M is even. Choosea =1,b =

ok—M+41_ Uk
%7 and m = 2k+M The

verification is the same as that in Case 1. So we leave the details to the reader.

3.2 Exact divisibility by powers of the integers in the Lucas

sequence of the second kind

In this section, we extend Theorems 1.2 and 1.5 to the case of V,, and give

an example.

Theorem 3.6. [11, Theorem 10} Assume that k,m,n € N, a,b € Z, (a,b) = 1,
and m is odd. Then

(i) if VF |'my then VL] Vs
(ii) if VF || m, then VEFL|| Vi,
(iii) if Vi | Vo, then VE-1 [ m;
(iv) if VE || Vi, then VEZL || m.

Proof. We use Lemma 2.7 without reference. For (i), assume that V* | m. Since
m is odd, V,, is also odd, and so vo(V*¥*1) = 0. If p > 2 and p | V,,, then p{ b and

we obtain by Lemma 2.3 that
Vp(Viom) = vp(mn) + v,(Urp))

= vp(m) + vp(n) + vp(Urp))
> Up(Vnk) + Up(vn) = Up(vnk+1)'
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Therefore vy(Vim) > v,(VF1) for all primes p dividing V,,. This implies V! |
Vim.-

For (ii), assume that V* || m. By (i), it is enough to show that V2t V,,.. Since
VF1} m, there exists a prime p dividing V}, such that v,(V 1) > v,(m). Here we
remark that the letter p in the proof of (i) and in the proof of (ii) may be different
or may be the same. We believe that there is no ambiguity since (i) is already done.
Now since V¥ | m and m is odd, V,, is also odd, and so va(V,*1) = vy(m) = 0.

Therefore p is odd. By Lemma 2.3, we obtain

Up (V) = vp(nm) + Up(UT(p)) = vp(m) + vy(n) + UP(UT(P))
= vp(m) Fup(Va) < Up(vriﬁ_l) +v,(Va) = Up<v7f+2)'
This shows that VA2 1V, as required.

For (iii), assume that V¥ | V/,,,. We show that v,(V*=1) < v,(m) for all primes p

dividing V,,. If p is odd and p | V,,, then we apply Lemma 2.3 to obtain that

up(Va) + 0p (V)= (V) < wp (Vi) = up(m) + 0p(Ur)
= up(m) + vp(n) + v,(Urgp))
= vp(m) + vp(Va),
and so v,(V¥71) < v,(m). Tt remains to show that va(V¥1) < vy(m). If a is odd
and b is even, then it follows from Lemma 2.9 that va(V.F71) = 0 < vy(m). Recall
that (a,b) = 1, so a and b cannot be both even. So we have the following two
remaining cases: (a is even and b is odd) or (a and b are odd).
Case 1 a is even and b is odd. We will show that & must be 1, and so

vo(VF1) = 0 < wa(m). If 2 | n, then we apply Lemma 2.10 and the assumption
that V* | V,,,, to obtain

1<k =v(VF) <0y(Vim) = 1.
Similarly, if 2 4 n, then 2 4 nm and we can use Lemma 2.10 again to obtain
kvy(a) = va(VF) < 0a(Viyn) = va(a).

In any case, k = 1, as asserted.
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Case 2 a and b are odd. We use Lemma 2.11 in this case. If n £ 0
(mod 3), then vy(VE™1) =0 < vy(m). If n =0 (mod 6), then nm = 0 (mod 6),
and 5o k = v2(VF) < 03(Vy) = 1; thus va(VFL) = 0 < vy(m). We now suppose

n =3 (mod 6). Since m is odd, nm =3 (mod 6). Therefore
k(v2(Us) = v2(Us)) = 02(Vy) < 0a(Vi) = v2(Us) — v2(Us)-

So k=1 and thus vy(V,*"1) = 0 < wy(m). Hence v, (V1) < wv,(m) for all primes
p dividing V;,, as desired. This proves (iii).

For (iv), assume that V¥ || V,,,,. By (iii), we have V*=1 | m. If V¥ | m, then we
obtain by (i) that V**! | V,,,, which contradicts V¥ || V,,,,. Therefore V*=1 || m.

This completes the proof. [

Theorem 3.6 is the extension of Theorems 1.2 and 1.5 to the case of V,,.
In the next example, we show that a version of Theorem 3.6 where m is even does

not exist.

Example 3.7. Let k,m,n € N, a,b € Z, (a,b) = 1, and m is even. Let p be an
odd prime dividing V,,. By Lemma 2.3, we have pt+ D; 7(p) 1 n and 7(p) | 2n.
Since m is even and 7(p)-| 2n, we obtain 7(p) | mn. By Lemma 2.3, we have

P 1 Vium, and so V,, 4 Vi, This shows that m in Theorem 3.6 cannot be even.

3.3 Exact divisibility by powers of the integers in the Lucas

sequences of the first and second kinds

In this section, we extend Theorems 1.3 and 1.6 to the case of U, and V,,

and obtain some relevant results.

Theorem 3.8. [11, Theorem 13| Suppose that k,m,n € N, a,b € Z, (a,b) =1, a

s odd, b is even, and m is even. Then
(i) if V| m, then V| Uppn;
(ii) if VE || m, then VF || Upm;

(iii) if VF | Uppn, then VE | m;
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(iv) if V|| Upn, then VF || m.

Proof. For (i), assume that V¥ | m. We show that v,(V*) < v,(U,,,) for all
primes p dividing V,,. By Lemma 2.9, we have vy(V,,) = 0. So let p be an odd
prime dividing V,,. By Lemma 2.3, p{ D, 7(p) 1 n, and 7(p) | 2n. Then 7(p) | nm.

By Lemmas 2.1 and 2.3, we obtain

Up(Unim)

vp(nm) + vp<UT(p))

I
S

p(m) + vp(n )+UP(U())
k

(
(
> vp(V) + vp(n) + 0p(Ur(y))
(Vo) + up(Va)
(

VFH) Cas required.

For (ii), assume that V¥ ||'m. By (i), it is enough to show that V**2t U,,,,. Since
VEHL ¥ m, there exists a prime p such that v,(V**') > v,(m). By Lemma 2.9,
vo(VFF) = 0, and so p # 2. Since p | V},, we know that p 4 D and 7(p) | nm.

Therefore we obtain by Lemmas 2.1 and 2.3 that

Vp(Unim)

vp(nm) + Up(UT(p))

vp(m) + vp(n)+vp(Us(p))

Vo) ua(Va)

n

A

Up

(
(
vp(m) +vy(Vi)
(
(

VE+2) "as desired.

Up n

For (iii), assume that V1 | U,,,. By Lemma 2.9, vy(m) > 0 = vy(VF). If p is

odd and p | V,,, then we apply Lemmas 2.1 and 2.3 again to obtain
op(Va) + Up(vnk) = ?}p(VfH) < Up(Unim) = vp(nm) + vp(Ur ()
= v,(m) + vp(n) + vp(Urp))

— vy (m) + v,(Vp).

This shows that v,(V¥) < wv,(m) for every prime p dividing V,,. So V¥ | m.
For (iv), suppose VF1 || U,,,. By (iii), it is enough to show that V!t m. If
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VEHL | 'm, we apply (i) to obtain V 2 | U,,, contradicting V**1 || U,,,,,. Therefore

the proof is complete. [

Theorem 3.9. [11, Theorem 14] Assume that k,m,n € N, a,b € Z, (a,b) =1, a

is even, b is odd and m is even. Let

t = min({va(n) + ve(a) — 2} U{y, — k| p is an odd prime factor of V,,}) and

J for each odd prime p dividing V,,.
Up(Va)

Then
(i) if V¥ | m and 2 | n, then V| U, ;
. k+1
if VE|m and 21 n, then Yo | Upp;
if VE | m, 24 n, and va(m) > va(VE) + 1, then VEHL | Uy

if VE|m, 2| n, and @ |'my, then t >0, va(m) >k, and VL | Uy

i) if VE | m, 2| n and v m, then VU U s
n 2 n

(iii) if VE || m, 2| n-and Y| m, then VI Uy,

(iv) if VE || m, 24 n and ve(m) = va(VE), then VE| Uppn;
(v) if VE || m, 240 and va(m) > 0a(VE)+1, then VF || U,y
Proof. For (i), assume that V* | m. If pis an odd prime and p | V,,, then p t D,
7(p) | nm, and we can apply Lemmas 2.1 and 2.3, to obtain
Up(Unin) ="vp(nim) + vp(Uzy)
= vp(m) + vp(n) + vp(Ur(p))
> Up(vnk) +vp (Vo) = Up(vk+1)-
From this point on, we sometimes use Lemmas 2.1 and 2.3 without reference.
Next, we consider vo(V 1) and vy(Upy). If 2 | n, then we apply Lemma 2.10 to
obtain
Vo (Upm) = va(nm) + va(a) — 1 = va(m) + ve(n) + va(a) — 1
> UQ(Vf) + ’Ug(n) -+ Uz(a) —1

> 0a(VF) +1 = 0y(VF) + 0a(Vy,) = v (VET).

— n
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This implies the first part of (i). Since m is even, 2 | nm. So if 2 { n, then we can

still apply Lemma 2.10 to obtain

Vo (Upm) = va(nm) + va(a) — 1

= ve(m) + va(a) — 1 (3.8)

Vk+1
> UQ(Vnk) +wvg(a) — 1= vg(Vf) +ua(Vy) =1 =y ( ”2 ) )
This implies the second part of (i). For the third part of (i), we assume that 24 n
and vy(m) > Ug(Vf) +1, and then we repeat the argument used in the second part

to obtain
Vo (Upim) = v2(m) +vg(a) =1 > va(VE) + va(a) = va(VFH).

Therefore v,(Upm) > v,(VETL) for all primes p, which implies the desired result.

yl+t
2

Next, we prove the last part of (i). Assume that V¥ | m, 2 | n, and | m. Since

a and n are even, va(n) + va(a)—2 > 0. In addition, v,(m) > v,(V,F) = kv,(V,),
and so y, > k. Therefore t > 0-and t + 1 < w5(n)+wvs(a) — 1. By Lemma 2.10, we

have v,(V},) = 1, and therefore v,(m) > kand

Vo (Upm)-= va(nm) + va(a) — 1 = va(m) + va(n) + v2(a) — 1

>kt 41 = u (V)
If p is an odd prime and p | V;,; then

Vp(Unm) = vp(1m) £ vp(n) + vp(Ur())
= vp(m) + vp(Va)
> YpUp(Va) + vp(Va)
= (4 + Dvp(Va)

> (k+t+1)v,(V,) = vp(Vk+t+1).

n

Hence v,(Upm) > v,(VEFTL) for all primes p dividing V,,. Thus V4 | U, as

desired.
A
2

Next, we prove (ii). Assume that V¥ || m, 2 | n and {m. By (i), it is enough

to show that V™2 t U,,,. By Lemma 2.10, we know that vy(V,,) = 1. Then
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Vk+l

va(m) > va(VF) = vy ( = ) Since V’f;l f m, there exists an odd prime p dividing

V,, such that v,(V¥1) > v,(m). Then pt D, 7(p) | nm, and

Up(vnk+2) = Upa/fﬂ) +0p(Va) > vp(m) + v, (V2)
= vp(m) + vp(n) + vp(Ur(y))
= Up(Unim)-
This implies V¥t U,
For (iii), assume that V* || m, 2 | n, and Vil | m. By (i), we obtain ¢ > 0,

3
vo(m) > k, and VEFHL | U, . So it remains to show that V*+2 47, . We first

V!
2

observe that since | m, we obtain v,(V*1) < v,(m) for every odd prime p.
If vy(m) > k + 1, then vy(m) > vo(VEHL) which implies V**! | m contradicting
the assumption V¥ || m. Therefore vo(m) = k. Next, we show that VF 21U, .
If t = y, — k for some odd prime p dividing V,,, then we apply Lemmas 2.1 and

2.3 to obtain
Up(Unim) = vp(nim) +0,(Ur(p))
— v, (m) + v, (V) = (;’:((gl)) i 1) U, (Vi)
< (WU 2)0p (Vi) = (k A+ £ +2)v,(V,) = v,(VyF2),

and so V2 y U, If t = vy(n) +vs(a)—2, then we obtain by Lemma 2.10 that

Vo (Upm ) = va(nm) +vs(a) — 1
= vo(m) + va(n) + va(a) — 1

=k +t+ 1< (V)

and so V424 U,,.. This proves (iii).

Next, we prove (iv). Assume that V¥ || m, 2 § n and vy(m) = ve(VF). By (
V!
2

V9(Upm,). Recall from (3.8) in the proof of the second part of (i) that

i),
we have | Upm. To show that V¥ | U,,,, it suffices to prove that vy(VF) <

V9 (Upm) = v2(m) + va(a) — 1 = va(VF) + vy(a) — 1 > vy (VF),

and

03 (Upm) = va(m) + va(a) — 1 = 1o (VFE) + 09(V,) — 1 < v (VEH).
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So VF | Uy and VF 4 U, Thus VE || U
For (v), assume that V¥ || m, 2t n, and va(m) > vo(VF) + 1. By (i), it suffices
to show that V**2 4 U,,,. Since V**! { m, there exists a prime p dividing V,, such

that v,(V¥1) > v,(m). If p = 2, then we obtain by Lemma 2.10 that
Vo (Upm) = va(m) + va(a) — 1 < vp(VEY) 10 (V,) — 1 < 0p(VEF2),
and so VFT2 4 U,,,,. If p > 2, then we obtain
Up(Unm) = vp(nm) + v, (Usrr)) = vp(1m) + 0p(Va) < 0p (Vi) + 0p(Va) = 0, (VF),
which implies V**2 t U,,,,,. This completes the proof. ]

Next, we prove the converse of Theorem 3.9. From this point on, we apply

Lemmas 2.1, 2.3, 2.7, and 2.10 without reference.

Theorem 3.10. [11, Theorem 15] Suppose that k,m,n € N, a,b € Z, (a,b) = 1,

a is even, b is odd, and m is even. Then
(i) for all odd primes p, if v,(VEY) <, (Unm), then v,(VF) < v,(m);

(ii) if V¥ | U,peand 20, then Vamin (s (m)) | my;
if V|| Up-and. 2| m, then Vi B2 o

(iii) if VF | Upe and 24 0, then V.F | m;

V2
2

(i) if VI || Upny 2410 and Y=t Uy, then VE || m;

A
2

(v) if VEHU|| Upm, 21 0, and | Upm, then VEYL || m.

Proof. For (i), assume that p is an odd prime and v,(V ) < v, (Upm). I p |V,
then

v, (Vi) + 0,(VF) = 0,(VETY) < 0, (Upin) = vp(nm) + Vp(Ur ()
= vy(m) + vp(n) + Up<UT(p))

= U;D(m) + vp(vn)a
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which implies (i). By (i), we only need to consider the 2-adic valuation in the
proofs of (ii), (iii), (iv), and (v).

For (ii), assume that V1 | U,,, and 2 | n. For convenience, let ¢ = min(k, vy(m)).
If vao(m) > k, then vy(V¥) = k < wy(m), and so V¥ | m. If va(m) < k, then
va (V2™ = vy(m) and Up( vy < v,(VF) < w,(m) for all odd primes p, and
therefore V;>™ | m. In any case, we obtain V¢ | m. This proves the first part of

(ii). Suppose further that V**1 || U, but V¢! | m. Then
va(m) > va(VETY) = min(k, va(m)) + 1,

which implies ¢ = k. Then V¥ =V | m. By (i) of Theorem 3.9, we obtain
V2| U, contradicting VA || U,,,,,. This completes the proof of (ii).
For (iii), assume that V51| U, and 2+ n. Then

va(a) + va (Vi) = va (Vi) < g (Unn) = wa(im) + v3(a) — 1
= va(m) + va(a) — 1.

Therefore vy (VF) < vg(m); and so V¥ | m.

For (iv), assume that V1| U,,.. 2 f n, and @ t Upm. By (iii), VF | m. If
VE+L | 'm, then we obtain from (i) of Theorem 3.9 that # | Unm, a contradiction.
So VE || m.

For (v), assume that VAL || U, 2 4 n, and @ | Upm- If pis odd, then

v, (VEF2) < 0y (Up ), and so we obtain by (i) that v,(V,F) < v,(m). In addition,
Vo (V) +wg(a) — 1= 0a(VER) =1 < 0p(U,,yn) = va(nm) + va(a) — 1
= va(m) +vy(a) — 1,

and so vy (VET) < wy(m). Therefore VEF | m. If VF2 | m, we obtain from (i) of

Theorem 3.9 that V’{;S | Upm, which implies V**2 | U,,,,, contradicting V¥ || U,,,.

Therefore V¥*1 || m and the proof is complete. O

The following Theorem is an extension of Theorem 1.3.

Theorem 3.11. [11, Theorem 16] Suppose that k,m,n € N, a,b € Z, (a,b) = 1,

a and b are odd, and m is even. Let ¢ = vy(Ug) — 1,

t =min({va(n) + ¢ — 1} U{y, — k| p is an odd prime factor of V,,}),
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s =min({c — 1} U{y, — k| p is an odd prime factor of V,}), and

Yp = {Up((/n)J for each odd prime p dividing V,,.
vp(V)

Then
(i) if V| m, then V| Uppn;
(ii) if VF | m and n #£ 0 (mod 3), then V¥ || Uy,;

(iii) if VF || m, n =0 (mod 6) and *=— V J(m then VF U Uy

(iv) if V¥ |m, n=0 (mod 6), and V
if VE| m,n =0 (mod 6) and ”" _ |'m, then V’““+1 I Unm,

nmr

(v) if VE (| m, n=3 (mod 6), 2| a>+3b and == t m, then VI+ || Upp;

(vi) if VE | m, n = 3 (mod 6), 2| a® + 3b, and @ | m, then s > 0 and
Vk+s+1 ’ Unm;
Vk+1

if VE I m, n=3 (mod 6), 2 ||a®+ 3b and >

| m, then VL || Uy,

(vii) if VE || m, n =3 (mod 6), 4| a® +3b and V VEL N Uy s

(viii) if VE | m, n =3 (mod 6), 4| a®+ 3b andv
if VE || m, n =3 (mod 6), 4 | a*+3b andv

k+2
Va2 | 2¢Unm;

Vk+2 H 20U

Proof. As usual, to prove that V¢ | Uy, we show that v,(V.4) < v,(Upy,) for all
primes p dividing V,,. Similarly, if we would like to prove that V¢ { U,,,, then we
show that v,(V,4) > v,(Upm) for some prime p. If p is odd, then we apply Lemmas
2.1 and 2.3; if p = 2, then we use Lemma 2.11; and we will do this without further
reference. For (i), assume that V¥ | m. If p is odd and p | V},, then

Vp(Unm) = vp(nm) + vp(Urp)) = vp(m) +vp(n) + v,(Ur(py)
= Up(V,f) +vp(V) = Up(vk+1)'

So it remains to show that vy(U,,,) > vo(VFFL). Ifn 2 0 (mod 3), then vy (V1) =
0 < va(Upm). So suppose that n =0 (mod 3). Then nm =0 (mod 6) and so

V2 (Upim) = va(nm) 4 v3(Us) — 1 > vo(VE) + va(n) + v (Us) — 1. (3.9)
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Since Us = a® + b is even and Us = a(a® + 3b)Us, we know that vy(Us) > 1 and
v9(Ug) > 1. Soif n =0 (mod 6), then vy(n) > 1 and (3.9) implies that

02 (Unin) > v2(ViF) + 02(Us) > va2(ViF) + 02(Vs,) = va (Vi ).
If n =3 (mod 6), then (3.9) implies
'UQ(Unm) 2 UQ(VT?) + UQ(UG) —1 2 UQ(VJC) + UQ(UG) — UQ(Ug) = UQ(VnkJrl).

In any case, vo(Upm) > vo(VF). This proves (i).

For (ii), assume that V¥ || m and n # 0 (mod 3). By (i), it is enough to show
that V2 4 U,,,. Since V*™! { m, there exists a prime p dividing V,, such that
v,(VFH) > v (m). Since vy(VFH1) = 0, we see that p # 2. Then

Vp(Unm) = vp(nm) 4+ vp(Urp)) = vp(m) 4 vp(n) + 0 (Ur(p))

<o, (VFY 40, (V) = v,(VFT?), as desired.

For (iii), assume that V¥ || m, n =0 (mod 6), and V’f;l {m. By (i), it is enough

to show that VE24 U, Since Vf;l f'm and v2(V’52+1) = 03(VF) < wy(m), we see

that there exists an odd prime p dividing V;, such that v,(V**1) > v,(m). Then
Up(Unm) = vp(nim) + 1 (Ur)) = vp(m) +0,(Var) < Up(Va ) 4 0p(Va) = 0, (V).

Therefore V**2 ¥ U, as required.

k+1
vat

-— | m. Since

For (iv), we first assume that V* | m, n-= 0 (mod 6), and
va(n) > 1 and vy(Us) > vo(Us)-> 1, it is not-difficult to see that ¢t > 0. If p is an

odd prime dividing V,,, then

Up(Unm) = vp(nm) + Up(UT(p)) = vp(m) +v,(V2)
> Yup(Va) + 0p(Va) = (yp + Dvp(Vi)

> (k+t+ 1)v,(Vy,) = v, (VEF),

n

In addition,

Vo (Upm) = va(nm) + v9(Us) — 1 = va(m) 4+ va(n) + ve(Us) — 1

> "Uz(Vf) +t+1=k+t+1= Ug(Vnk““).
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Therefore VFT+ | U,,,,,. This proves the first part of (iv). Next, assume further

that V¥ || m. It is enough to show that V24 ... Recall that y, = U’;’((‘Z ))J,

s0 vp(m) < (yp+1)v,(V,,). Soif t = y, — k for some odd prime p dividing V;,, then

Up(Unim) = vp(nm) + v (Urp)) = vp(m) + v,(V3)
< (Yp +2)vp(Va) = (K +t 4+ 2)vp(V3) = Up(VrZHHQ)a

which implies V¥++2 1 U,,,,. So suppose t = va(n) + vo(Us) — 2. Since V’IL;H | m,
we see that v,(m) > v,(VF*1) for all odd primes p. If ve(m) > k + 1, then
va(m) > vy(VEH) which implies V1 | m contradicting the assumption V* || m.

Therefore vy(m) < k. Then
’l}Q(Unm> = Ug(nm)+U2(U6)—1 = Uz(m)+02(n)+U2(U6)—1 S k+t+1 < Uz(vnkthJrz).

Therefore, V¥+2 t U, .. as required.

For (v), assume that V|| m, n = 3 (mod 6), 2 || a®>+ 3b, and V " ¥m. By (i), it
suffies to show that V¥+2 4 U,,,,. Since UG = a(a®+3b)Us and 2 || a®+3b, we obtain
0a(Va) = 02(Us) — s(T) = (57) = 0a(VF) < va(m),
there exists an odd prime p dividing Vn such that v,(VF1) > v,(m). Therefore

Up(Unm) = vp(nm) + Up(UT(p)) = Up(m) + Up(vn) < Up(vriﬁ_l) + vp(V)

=,(VE+?) as desired.

For (vi), assume that V* | m, n = 3 (mod 6), 2 || @*> + 3b, and V " | m. Since
a® + 3b and Uj are even, and Us = a(a® 4+ 3b)Us, we have v,(Us) — 2 > 0. Since
VE | 'm, we have y, > k for all-odd primes p dividing V,,. Therefore s > 0. By
the same argument as in the proof of (v), we obtain vy(V,) = 1. In addition,
va(m) > va(VF) = k and v, (V1) = vp(vk ) < v,(m) for every odd prime p. If

VE | 'm and va(m) > k + 1 = vo(V 1), then VF! | m which is a contradiction.

Therefore,

if V|| m, then vy(m) = k. (3.10)
We will apply (3.10) later. For now, we only need to apply ve(m) > k. We obtain

Vo (Upm) = va(nm) + v9(Us) — 1 = va(m) + v9(Us) — 1 > k + v9(Us) —

>k + s+ 1=y (VF,
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If p>2andp|V,, then

Up(Unim) = vp(nm) + vp(Urp)) = vp(m) +0,(Va) = (yp + 1vp(Vir)

> (k+ s+ 1), (Vy,) = v, (VEsth),

This implies V*+t1 | U,,,,. Next, assume further that V* || m. It remains to show
that VFs+2 + ... By the definition of y,, we know that (y, + 1)v,(V,) > v,(m).

So if s =y, — k for some odd prime p dividing V,,, then
Up(Unim) = vp(nm) + vp(Ur(py) = vp(m) + vp(Va) < (yp +2)v,(V2)
=(k+ 5+ 2)v, (Vi) = Up(vnk+s+2)>

which implies V*2 ¢ 7, ... By (3.10), we know that vy(m) = k. So if s =
v9(Ug) — 2, then

Vo (Upm) = va(nm) + v3(Ug) — 1 = vo(m) +09(Us) =1 =k +s+1< UQ(Vnk+S+2).

So in any case, VFsT24 U, -as required.
For (vii), we let ¢ = vy(Ug)~1 and assume that V% || m, n = 3 (mod 6), 4 | a*+3b,

and V’gjl f m. By (i), it is enough to show that V24 U,,.. Since 4 | a®> + 3b

and Us = a(a® + 3b)Us, we have vy(Us) > v2(Us) + 2. By Lemma 2.8, we obtain
v9(Us) = 1, and 80 v9(V},) = v9(Us) = v5(Us3) = v9(Us) — 1 = ¢. Since Vit {m and

2(:

vy (V’; ) = (k + Dva(Vy) =03 (Va) = 02(VF) < wa(m),

there exists an odd prime p dividing V;, such that v,(V,**1) > v,(m). Then

Up(Unm) = vp(nm) + Up<UT(p)) = vp(m) +v,(Va) < Up(ver) + (Vi) = V;?(VAH_Q)-

Therefore V**2 4 U,,,.

For (viii), assume that V¥ | m , n =3 (mod 6), 4 | a®> + 3b, and VT{;I | m. Then

for each odd prime p dividing V,,, we have

oy (VEF) = o) (Vé““) < v,(m). (3.11)

Since 4 | a*+3b and Us = a(a®+3b)Us, we obtain vy(Us) > v9(Us)+2. By the same

argument as in the proof of (vii), we obtain v(V},) = vo(Us) — 1 = ¢. Since V¥ | m,
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we see that va(m) > va(VF) = kug(V,,). I VE || m and ve(m) > (k+1)v2(V,), then

vy(m) > v, (V1) for all primes p, and so V51 | m, a contradiction. Therefore
vo(m) > kuve(Vy,), (3.12)
and
if VE || 'm, then kvy(V,,) < va(m) < (k + Dwa(V,). (3.13)

We will apply (3.13) later. For now (3.12) is good enough. We obtain

V2(2Upnm) = v2(Us) — 1+ v9(Up) = v2(Us) — 1 + va(nm) + v (Ug) — 1
= 2(v2(Us) — 1) 4 va(m)
> 2(v2(Ug) — 1) + kva(Va)
= 2(v2(Us) — 1) + k(v2(Us) — 1)
= (k +2)(v3(Us) ~1) = va(V;1).

If p>2andp|V,, then

Up(2°Unm) = 0p(Unm)-= vp(nmm) + vp(Ur(py) = vp(m) +v,(V3)
= Up(vnkH) +vp(Va) = vp(Vnk"'Q),

where the last inequality is obtained from (3.11). This implies that V2 | 2¢U,,,,
So the first part of (viii) is proved. Next, assume further that V* || m. To prove

the second part, it now suffices to show that V*"342¢U,... We have

02 (2°Upm) = v2(Us) — 1+ v2(Upnm)
= v3(Us) — 1 + va(nm) 4 va(Us) —
= 2(v2(Us) = 1) 4 v2(m)
< 2(va(Ug) — 1) + (k + 1)(v2(Us) — 1)
= (k +3)(va(Us) — 1) = va(V;7*?),

where the inequality is obtained form (3.13) and the fact that ve(V},) = ve(Us) — 1.

This completes the proof. [

The next Theorem is the converse of Theorem 3.11 and also the extension

of Theorem 1.6.
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Theorem 3.12. [11, Theorem 17] Suppose that k,m,n € N, a,b € Z, (a,b) = 1,

a and b are odd and m is even. Then

(i) for every odd prime p dividing Vi, if v,(VFT) < v,(Upm), then v,(VF) <

vp(m) ;

(ii) if VF | Upy and n # 0 (mod 3), then VE | m;
if VEU || Upm and n 2 0 (mod 3), then V.F || m;

(iii) if VF | Uppe, n =0 (mod 6), and ve(m) > k, then VF | m;
if VI Uy, n =0 (mod 6), and va(m) > k, then VF || m;
if VE | Un, =0 (mod 6), and va(m) < k, then V™ || m;

(iv) if VF | Upm, n =3 (mod 6), 2 || a®>+ 3b, and va(m) > k, then VE | m;
if VI Uy, n=3 (mod 6), 2 || a®>+ 3b, and ve(m) > k, then V* || m;
if VEL | Upp, n = 3 (mod 6); 2 || a2 4:3b, and vs(m) < k, then V2™ || m;

(v) if VEH | Upm, n=3 (mod 6), and 4 | a®> + 3b, then V¥ | m;
if VEU || Upny n=3 (mod 6), and 4| a®> + 3b, then V¥ || m.

Proof. We apply Lemmas 2.1, 2.3, and 2.11 throughout the proof without refer-
ence. For (i), assume that p is an odd prime dividing V,, and v,(V,*™) < v,(U,,).

Then
vp,(Vi) + vp(Vnk) S vp(Vf“) < U (Unin) < wp(nm) + vp(Ur ) = vp(m) 4+ v,(Vin),

which implies (i). Therefore we only need to consider the 2-adic valuation in the
proof of (ii) to (v).
For (ii), assume that V1| U, and n # 0 (mod 3). Since vy(VF) =0 < vy(m),
we obtain by (i) that V* | m. Suppose futher that V**! || U,,,. If V¥*! | m, then
(i) of Theorem 3.11 implies V**2 | U,,,, which contradicts V™! || U,,,, and so
VE | m.
For (iii), assume that V**! | U,,, and n =0 (mod 6).

Case 1 vy(m) > k. Then vy(VF) = k < vy(m). So we obtain by (i) that
VE | m. If V|| U, then we obtain by (i) of Theorem 3.11 that V1 m, and

so V¥ || m. This proves (iii) in the case vy(m) > k.
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Case 2 vy(m) < k. For convenience, let d = vy(m). Since vy(V4) = d =
va(m) and v, (V4) < 0,(VF) < w,(m) for every odd prime p dividing V},, we obtain
Va | m. If VAL | m, then d + 1 = vy(V,%) < vy(m) = d, a contradiction. So
Vit [l m.

For (iv), assume that V¥ | U,,,, n = 3 (mod 6), and 2 || a® + 3b. Since U =
a(a® + 3b)Us and 2 || a® + 3b, we obtain vy(V},) = ve(Us) — vo(Us) = 1.

Case 1 vy(m) > k. Then vy(VF) = k < vy(m), and so we obtain by (i)
that V* | m. If V¥ || U, then we obtain by (i) of Theorem 3.11 that V,* || m.
This proves (iv) in the case ve(m) > k.

Case 2 vy(m) < k. For convenience, let d = vy(m). Then vy(V4) =
d = va(m) and v,(V,4) < v,(VF) < w,(m). Therefore V& | m. If V! | m, then
d+1=vy(VI) < wy(m) = d, a contradiction. Therefore V¢ || m.

For (v), assume that V| U, n =3 (mod 6), and 4 | a® + 3b. Since Us =
a(a® 4+ 3b)Us and 4 | a® + 3b, we obtain vy(Us) > v2(Us) + 2. By Lemma 2.8, we
have v3(Us) = 1. Then vy(V,) = v3(Us) — v9(Us) = v2(Us) — 1 and

Vo (VF) 4 03 (V) = 0a(VEFL) < g (U) = o) + w5(Ug) — 1 = va(m) + v2(V3,).

So ve(VF) < wy(m). By (i), we obtain VE [ m. If VETLY| U,,,,, then we obtain by
(i) of Theorem 3.11 that V™14 m, and so V¥ || m. This completes the proof. [J

The next example shows that m in Theorems 3.8 to 3.12 is necessarily

even.

Example 3.13. Let k,m,n € N, a,b € Z, (a,b) = 1 and m is odd. Let p be an
odd prime dividing V,,. By Lemma 2.3, we have p t D, 7(p) 1 n and 7(p) | 2n.
Therefore 7(p) is even and va(7(p)) = ve(n) + 1. So 7(p) { nm. By Lemma 2.1,
Up(Upm) = 0. Therefore V,, ¥ Uyy,. This shows that m in Theorems 3.8 to 3.12

cannot be odd.

Example 3.14. Let k,m,n € N, a,b € Z, (a,b) = 1. Let p > 2 and p | U,.
By Lemma 2.1, we have (i) v,(U,) = v,(n) + v,(U,) — 1 if p | D and p | n, and
(i) vp(Upn) = vp(n) + v,(Ur) if pt D and 7(p) | n. For (i), we have p | D and
s0 Up(Vium) = 0 and U, 1 V,,,,. For (ii), we have 7(p) | nm and so vy(Vym) = 0
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interesting divisibility relation such as

and U, { Vp,. This shows that there is no

UF | Vi
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Abstract: Lucas sequence of the first kind is an integer sequence (U,,),>o which depends on parameters
a,b € Z and is defined by the recurrence relation Uy = 0, Uy = 1, and U, = aU,_ + bU,_, forn > 2.
In this article, we obtain exact divisibility results concerning U* for all positive integers n and k. This
extends many results in the literature from 1970 to 2020 which dealt only with the classical Fibonacci
and Lucas numbers (a = b = 1) and the balancing and Lucas-balancing numbers (a = 6,b = —1).

Keywords: Lucas sequence; Lucas number; Fibonacci number; exact divisibility; p-adic valuation
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1. Introduction

Throughout this article, let a and b be relatively prime integers and let (U,,),»o be the Lucas sequence
of the first kind which is defined by the recurrence relation Uy = 0, U, = 1, U, = aU,_; + bU,_, for
n > 2. To avoid triviality, we also assume that » # 0 and /g is not a root of unity where o and 8
are the roots of the characteristic polynomial x> — ax — b. In particular, this implies that  # § and
the discriminant D = a® + 4b # 0. If a = b = 1, then (U,),o reduces to the sequence of Fibonacci
numbers F,; if a = 6 and b = —1, then (U,),»o becomes the sequence of balancing numbers; if a = 2
and b = 1, then (U,),>o is the sequence of Pell numbers; and many other famous integer sequences are
just special cases of the Lucas sequence of the first kind.

The divisibility by powers of the Fibonacci numbers has attracted some attentions because it is used
in Matijasevich’s solution to Hilbert’s 10th problem [7-9]. More precisely, Matijasevich shows that

F?|F,, ifandonlyif F,|m. (1.1)

Hoggatt and Bicknell-Johnson [3] give a generalization of (1.1) by replacing F? by F>, and for a



6740

general k, they prove that
if F* | m, then F**! | F,,,.. (1.2)

Benjamin and Rouse [1], and Seibert and Trojovsky [27] also provide a different proof of (1.2).
Then the investigation on the exact divisibility results for a subsequence of (F),),>; begin with the
work of Tangboonduangjit et. al [12,29] and is generalized by Onphaeng and Pongsriiam [10].
The most general results in this direction are obtained by Pongsriiam [18] where (1.2) is extended
to include the divisibility and exact divisibility for both the Fibonacci and Lucas numbers. Finally,
Onphaeng and Pongsriiam [11] have recently given the converse of the results in [18] which
completely answers this kind of questions for the Fibonacci and Lucas numbers. Then Panraksa and
Tangboonduangjit [13] initiate the investigation on a special subsequence of (U,),so. Patra, Panda, and
Khemaratchatakumthorn [14] also obtain the analogue of those results for the balancing and Lucas-
balancing numbers. For other related and recent results on Fibonacci, Lucas, balancing, and Lucas-
balancing numbers, see for example in [2,4-6, 15-17, 19-25,28] and references there in.

In this article, we extend all results in the literature to the Lucas sequence of the first kind. We
organize this article as follows. In Section 2, we give some auxiliary results which are needed later.
In Section 3, we give main theorems and some related examples. Remark that the corresponding
results for other generalizations of the Fibonacci sequence have not been discovered. For example, the
question on exact divisibility by powers of the Tribonacci numbers 7, is wide open, where T, is given
byTy=0,T, =T, =1,and T = Ty_y + T + T;_3 for k > 3. We leave this problem to the interested
readers.

2. Preliminaries and Lemmas

In this section, we recall some well-known results and give some useful lemmas for the reader’s
convenience. The order (or the rank) of appearance of n € N in the Lucas sequence (U,),so is defined
as the smallest positive integer m such that n | U,, and is denoted by 7(n). The exact divisibility n* || n
means that m* | n and m**! 4 n. For a prime p and n € N, the p-adic valuation of n, denoted by v,(n) is
the power of p in the prime factorization of n. We sometimes write the expression suchasa |b|c=d
to mean thata | b, b | ¢, and ¢ = d. We let D = a” + 4b be the discriminant and let @ and 3 be the roots
of the characteristic polynomial x> — ax = b. It is well known that if D # 0, then the Binet formula
U, = PP holds for all n > 0. Next, we recall Sanna’s result [26] on the p-adic valuation of Lucas

a—p

sequence of the first kind.

Lemma 1. [26, Theorem 1.5] Let p be a prime number such that p 1 b. Then, for each positive integer

n,
vp(n) +v,(U,) —1 if pl| Dand p|n,
0 if p| Dand p 1 n,
Vp(Un) = Vp(n) + Vp(UpT(p)) -1 lfp ’T D; T(p) | n, andp | n,
Vp(UT(p)) lfp 'f D: T(P) | n, Cmdp 'f n,
0 if pt D and t(p) 1 n.

In fact, we use Lemma 1 only for p = 2, because there is a more suitable version of Lemma 1 when
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p 1s odd as given by Panraksa and Tangboonduangjit [13] in their calculation concerning a special
subsequence of (U,),>o. We state it in the next lemma.

Lemma 2. [13, Lemma 2.3] Let m,n > 1 and p a prime factor of U, such that p { b. Then, if (i) p is
odd, or (i1) p = 2 and n is even, or (iil) p = 2 and m is odd, we have

Vp(Unm) = Vp(m) + Vp(Un)-
Lemma 3. Let a and b be odd integers. Then, for each positive integer n,

vo(n) + va(Ug)—1 ifn=0 (mod 6),
vo(U,) = v (Us) ifn=3 (mod 6),
0 ifn=1,2,4,5 (mod 6).

Proof. Since U, = 1, U, = a are odd and Uz = a* + b is even, we have 7(2) = 3. Applying Lemma 1
for p = 2, we obtain the desired result. O

The next two lemmas are also important tools in proving exact divisibility by U* for all n, k € N.

Lemma 4. [10, Lemma 2.3] Let k, £, m be positive integers, s nonzero integer, and s* | m. Then
s ('")sj forall 1 < j < m satisfying 2-"V'> j. In particular, s** | ( )sf forall 1 < j < m, and
k2 I( )sfforall3 <j<m

Proof. The statement in [10, Lemma 2.3] is given for s > 1 butitis easy to see that if s < —1, then we
can replace s by —s and every divisibility relation still holds. Therefore this is true for all s # 0. O

Lemma 5. Let m,n > 1 and r > 0 be integers. Then
(@) Unner = 2o (1) UdG U 1" U
(i) Upn = 2y (1) UABU, )" U;,
Proof. By Binet’s formula, we obtain «" = oU, + bU, -1, 8" = U, + bU, -1, and

mn+r ﬁmn+r

Upnsr =
+ a-p
1
= —ﬁ((aU +bU, )" a" = (BU, +bU,1)"B")
a
=— Z( )(aU YU, )" e = (".’)(ﬁU,»f(bUn_l)'"—fﬁ’
a—p\4 ‘S \J
1~ ([(m). . o .
- ) U,i(bUn_ )m—] a}+r _ﬁ]+r )
a-p JZJ ((J) 0 )
=> (’")Uf(bUn DU
=0\
This proves (i). Since Uy = 0, (i1) follows immediately from (i) by substituting r = 0. O
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Recall that we assume throughout this article that (a,b) = 1. This is necessary for the proof of the
following lemmas.

Lemma 6. Suppose (a,b) = 1. Then (U, U,) = Ugy and in particular (U,,U,.1) = 1 for each
m,n € N.

Proof. This is well known. ad

Lemma 7. Let n > 1 and (a,b) = 1. If p is a prime factor of U,, then p {1 b. Consequently, (U,,b) =1
foralln > 1.

Proof. Suppose for a contradiction that (a,b) = 1,n > 1, p | U,, and p | b. We can choose n to be the
smallest such integer. Since U; = 1, U, = a, we see thatn > 3. Since p | U,, = aU,_; +bU,; and p | b,
we have p | aU,_,. By the choice of n, p ¥ U,_. So p | a. Therefore p | (a,b) = 1, a contradiction. O

Lemma 8. Let a and b be odd, (a,b) = 1, and v,(Ug) > vo(U3) + 2. Then v,(U3) = 1.

Proof. Since Us = a*> + b is even and U = a(a® + 3b)U;, we obtain v,(Us) > 1 and
va(Us) = vo(U3) +va(a® + 3b). 2.1

If v2(U3) > 2, then 4 | a* +b, and so b = 3 (mod 4) and (2.1) implies v»(Ug) = v»(U3) + 1 contradicting
v2(Ug) = vo(U3) + 2. Thus v,(U3) = 1.
O

3. Main results

We begin with the simplest main result of this paper.
Theorem 9. Let k, m, and n be positive-integers. If U* | m, then UL | U,,,,.

Proof. 1f U',j | m, then we obtain by Lemma 4 that, U,’j” | (’;’)U,’Z forall 1 < j < m, which implies
U*'| U,., by Lemma 5. O

Next, we extend Theorem 9 to include exact divisibility. The proof of Theorem 10 is much longer
than that of Theorem 9 since we would like to cover all possible cases. Although many cases can be
combined, it is more convenient to state them separately. Recall that for x € R, the largest integer
which is less than or equal to x is denoted by | x].

Theorem 10. Let k,m,n €N, a,b € Z, (a,b) = 1, n > 2, and U* || m. Then

(i) if a is odd and b is even, then U,’j“ | Unns
(i) if a is even and b is odd, then U*' || U,,,,.;
(iii) if a and b are odd and n # 3 (mod 6), then UX*! || U,,,,;

(iv) ifa and b are odd, n = 3 (mod 6), and U'A’; 1 m, then U,’j“ | Unns

(v) ifaand b are odd, n = 3 (mod 6), Uﬁ; | m, and 2 || a* + 3b, then Uﬁ“ | Unms

(vi) ifa and b are odd, n =3 (mod 6), U'zﬂ | m, and 4 | a* + 3b, then UX""*1 || U,,,,,, where

t = min({v2(Us) — 2} U {y, — k| p is an odd prime factor of U,})

vp(m)
Vp(Un)

andy, = |_ Jfor each odd prime p dividing U,,.
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Proof. By Theorem 9, we obtain U | U,,,. So for (i) to (v), it is enough to show that U**2  U,,,..
We divide the calculation into several cases.

Case 1. ¢ is odd and b is even. Since U; and U, are odd and U, = aU,_; + bU,_, = U,_; (mod 2) for
r > 3, it follows by induction that U, is odd. From the assumption U* || m, we have U**! ¥ m, and
so there exists a prime p dividing U, such that vp(U,’j“) > v,(m). Since U, is odd, p is also odd. In
addition, p 1 b by Lemma 7. So we can apply Lemma 2(i) to obtain

Vp(Upm) = v, (m) +v,(U,) < v,(UYY +v,(U,) = v, (U,

which implies U**? { U,,,,, as required. This proves (i).

Case 2. a is even and b is odd. Similar to Case 1, we have U, is odd, U, is even, U, = U,_, (mod 2)
for r > 3, and so U, is even if and only if n is even. In addition, there exists a prime p such that p | U,,
v,,(U,’j“) > v,(m),and p 1 b. Soif 2 1 n, then U, is odd, p is odd, and we obtain by Lemma 2(i) that

Vp(Unm) = vp(m) + v,(U,) < v,(US) +v,(U,) = v, (U, (3.1)

which implies Uﬁ*z Y U, If 2 | n, then we can still use either Lemma 2(i) or Lemma 2(ii) to obtain
(3.1), which leads to the same conclusion U,’j*z 1 U,m. This proves (ii).

Case 3. a and b are odd. Similar to Case 1, there is a prime p such that p | U, vp(U’,j“) > v,(m), and
p1b.

Case 3.1n £ 3 (mod 6). If n = 1,2,4,5 (mod 6), then we obtain by Lemmas 3 and 2, respectively
that p is odd and

Vp(Unm) = vp(U,) + vp(m) <v,(U,) + vp(US) = v,(US). (3.2)

If n = 0 (mod 6), then n is even and Lemma 2(i) or Lemma 2(ii) can still be used to obtain (3.2). In
any case, U2 t U,,,. This proves (iii).

Case 3.2 n = 3 (mod 6) and U’gﬂ { m. Since U’,j || m, we can write m = cU,’; where ¢ > 1and U, 1 c.

By Lemma 4, U | (’}’) U} for3 < j < m. Then we obtain by Lemma 5 that

~1
U, = Uy = mUy(bU,y )"+ m(mT)Uﬁ(bUn_l)m-za (mod U*2),

By Lemma 3, we know that v,(U,) = v,(U3) = 1. Since U'gﬂ { mand m = cU¥, we see that % does not

c.Letd =bU,_1 + %(m — 1)a. By Lemmas 6 and 7, we obtain (%,d) = (%,bUn_l) = 1. Then

U,
Upn = mU,b"2U"2 (bUn_1 T l)a) = UM 2Um 20 (mod UM,
By Lemmas 6 and 7, we obtain U¥*? | U, if and only if U, | cd. But if U, | cd, then % | ¢d which

implies % | ¢, a contradiction. So U, t cd and therefore U’,j*z 1 U,n. This proves (iv). To prove

(v) and (vi), we first assume that ¢ and b are odd, n = 3 (mod 6), and U’EH | m. (The other condition

will be assumed later). Then v,(Uf!) < v,(m) for all odd primes p and vo(US) — 1 < vy(m). 1If

(UMY — 1 < vy(m), then v (U < vy(m), and so v,(UX*") < v,(m) for all primes p, which implies
U**! | m contradicting the assumption U* || m. Hence

va(UM) — 1 = vy(m) and v,(U**") < v,(m) for every odd prime p (3.3)
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We now separate the consideration into two cases according to the additional conditions in (v) and (vi).
Observe that v,(a® + 3b) = 1 is equivalent to 2 || a* + 3b.

Case 4. vy(a®> + 3b) = 1. Since Ug = a(a® + 3b)U;, we obtain v,(Ug) = v2(Us) + 1. Recall thatn = 3
(mod 6) and U* | m. So n is odd, m is even, and nm = 0 (mod 6). If U**? | U,,, then we obtain by
Lemma 3 and (3.3) that

V(U +va(U,) = va(UR™) < va(Un) = v2(n) + va(m) + va(Us) — 1
= (U = 1 +va(Us)
= (U™ + U, -1,
which is a contradiction. Therefore U’,j*z 1 U, This proves (v).

Case 5. v,(a®>+3b) > 2. Then v,(Us) = vo(Usz) +Vvy(a® +3b) > v,(Us)+2. By Lemma 8, v,(Us3) = 1 and

s0 v2(Usg) = x+2 where x = vy(a* +3b) — 1 € N. For each odd prime p dividing U,, lety, = [VV,,P((Z?)J be

Since U* | m, we have y, > k for all odd p | U,.

the largest integer which is less than or equal to vvp((z’?))'
p\Yn

Let

t = min({x} U{y, — k| pis an odd prime factor of U,}).
Then ¢t > 0. By Lemma 3 and (3.3), v,(m) = (k + 1)v,(U3) — 1 = k and

V2(Um) = va(m) + »a(Ug) = 1 =k 4 x+1 > k+ 1 +1 = vy (U, (3.4)

By the definition of y,, we have v,(m) > y,v,(U,).-So by Lemma 2, if p is an odd prime dividing U,,,
then
Vp(Unm) = vp(m) + vy(Up) = (v, + D, (U,) = (k+2+ Dy, (Uy,) = v (U, (3.5)

By (3.4) and (3.5), v,(U,m) > vp(US*) for all primes p dividing U,,. This show that U+ | U,,,. It
remains to show that U2 { U,,,,. If t =y, — k for some odd prime p dividing U, then we recall the
definition of y, and apply Lemma 2 to obtain

Vp(Upm) = vp(m) +v,(U) < (v, + 2v,p(Uy) = (k + 1 +2)v,(U,) = vp(U’/i+t+2).
Ift = x = v,(Ug) — 2, then we use Lemma 3 to get
Vo(Upm) = vo(m) + va(Ug) — 1=k + 1 + 1 <vp(U*2),
In any case, UX**2 4 U,,,. This completes the proof. -

The next example shows that the integer ¢ in Theorem 10(vi) can be any odd positive integer.

Example 11. Let M € N be given. We show that there are positive integers k, m, n, a, b satisfying
the conditions in Theorem 10(vi) with t = M. Choose a = 1 and b = (24M - 1) /3. Then a and b
are odd integers, (a,b) = 1, and va(a® + 3b) = 4M > 2. Next choose any k,n € N such thatn = 3
(mod 6). Since v,(Us) = v»(U3) + va(a* + 3b) > v,(U3) + 2, we obtain by Lemmas 3 and 8 that
va(U,) = v2(U3) = 1 and v2(Ug) = 4M + 1. Since U, > Uz = a*> + b > 2 and v»,(U,) = 1, we can write

U, =2p{'p5* -+ py where s > 1, py, ps, ..., p, are distinct odd primes, and ay, as, . . ., a, are positive

k+1
integers. Next, choose m = 2¢p1 "0 po2iD .y Then Uk || m and Y4~ | m. Therefore k, m, n,

a, b satisfy all the conditions in Theorem 10(vi). Finally, we have
v(Ug) =2 = vy(a® +3b) — 1 =4M - 1
and y, —k = M for all p € {py, ps, ..., p,}, and therefore r = min{4M — 1, M} = M, as desired.

AIMS Mathematics Volume 5, Issue 6, 6739-6748.



6745

Next, we prove the converse of Theorem 10.
Theorem 12. k,m,ne N, a,b € Z, (a,b) =1, n > 2, and U,’j“ || Uy Then

(i) if a is odd and b is even, then U* || m;
(11) if a is even and b is odd, then Uﬁ || m;
(iii) if a and b are odd and n # 3 (mod 6), then U* || m;
(iv) ifa and b are odd, n = 3 (mod 6), and 2 || a* + 3b, then UX || m;
(v) ifa and b are odd, n =3 (mod 6), 4 | a* + 3b, and v,(m) > k, then U* || m;
(vi) ifa and b are odd, n = 3 (mod 6), 4 | a> + 3b, and v,(m) < k, then

m is even, vo(m) = k + 1 — vy(a® + 3b), and U,Vf(’") || m.

Proof. Some parts of the proof are similar to those of Theorem 10, so we skip some details.
Case 1. a is odd and b is even. Similar to Case 1 of Theorem 10, we have U, is odd. For any prime
p | U,, we obtain by Lemma 2 that

V(U +v,(U) = v (U < v, (Un) = v, (U,) +v,(m), (3.6)

which implies U¥ | m. If U*! | m, then by Theorem 9, we have U**? | U,, which contradicts
U*!|| U, Therefore U**! ¥ m, and thus U* || m.
Case 2. a is even and b is odd. Then U, is even if and only if n is even. So if 2 ¢ n, then for any
prime p | U,, we have p is odd, (3.6) holds, and so U,’j | m. If 2 | n, then we can still apply Lemma
2(i) or Lemma 2(ii) to obtain (3.6) and conclude that U¥ | m. If U**! | m, then by Theorem 9, we have
U*? | U,,, which contradicts U! || U,,,. So U*! t m and therefore U* || m.

We now assume throughout that ¢ and b are odd and divide the consideration into four cases
according to the additional conditions in (iii) to (vi).
Case 3. n # 3 (mod 6). If n = 1,2,4,5 (mod 6), then we apply Lemma 3 to obtain v,(U¥) = 0 <
v,(m), and use Lemma 2 to show that for any odd prime p.| U,

v (Up) + v, (US) =v,(USY) < v, (Upm) = vip(m) +v,(U,). (3.7)

If n = 0 (mod 6), then n is even and we can apply Lemma 2(i) or Lemma 2(ii) to obtain (3.7) for any
prime p | U,. In any case, we have U* | m. Again, by Theorem 9, we have U**! ¥ m, and so U* || m.
This proves (iii).

Case 4. n = 3 (mod 6) and 2 || a* + 3b. Similar to Case 4 in the proof of Theorem 10 we have
v2(Ug) = va(U3z) + 1. If m is odd, then nm = 3 (mod 6) and we obtain by Lemma 3 that v,(U,,,,) =
v(Us) < (k+ Dvy(Us) = vo(UM), which contradicts the assumption U**! | U,,.. So m is even,
and thus nm = 0 (mod 6). By Lemma 3 and the fact that n = 3 (mod 6) is odd, we obtain v,(m) +
v2(Us) — 1 = va(Up) = vo(UE) = va(UE) + va(U,,) = vao(UE) + va(U3) = v2(U%) + v2(Ug) — 1, which
implies v,(m) > vz(U,f). If pis odd and p | U,, then we apply Lemma 2 to obtain (3.7) Therefore
v,(U%) < v,(m) for every prime p dividing U,. Thus UX | m. By Theorem 9, U%*' ¥ m. Hence U! || m.
This proves (iv).

Case 5. n =3 (mod 6), 4 | a®> + 3b, and vo(m) > k. Then Uy = a®> + b = (a*> + 3b) — 2b = 2 (mod 4),
and so v,(U3) = 1. By Lemma 3, we obtain v,(m) > kv,(U3) = kvy(U,) = v2(U¥). By Lemma 2, if p is
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an odd prime dividing U, then (3.6) holds, and so we conclude that v,(U ﬁ) < v,(m) for every prime p
dividing U,. Therefore U* | m. By Theorem 9, U**! ¥ m and so U* || m. This proves (v).

Case 6. n = 3 (mod 6), 4 | a> + 3b, and v,(m) < k. For convenience, let ¢ = v,(m). Similar to Case
4, we have m is even. In addition, v,(Ug) = vo(U3) + v2(a®> + 3b) = 1 + vo(a®> + 3b). Sok >t > 1 and
va(m) = tvy(Usz) = tvo(U,) = v(U}). By Lemma 2, if p is odd and p | U,, then

Vp(Un) + Vp(Urt,) < Vp(Un) + Vp(Uﬁ) = Vp(U;liH) < Vp(Unm) = Vp(m) + Vp(Un)-

From the above inequalities, we obtain that v,(U}) < v,(m) for every prime p dividing U,. Therefore
U' | m. If U™! | m, then we obtain by Lemma 3 that r = v,(m) > v,(U'*") = t + 1, which is false.
So U™ ¥ m. Therefore U’ || m. From U*! || U,,, we also obtain k + 1 = v,(U*") < vy(U,,,) =
Vo(m) + vy(Ug) — 1 = vo(m) + v2(a® + 3b), which implies v,(m) > k + 1 — v,(a® + 3b). This completes
the proof. O

The next example shows that v,(m) in Theorem 12(vi) can be any positive integer in [1, k).

Example 13. Let k > 1 and 1 < M < k be integers. We show that there are m, n, a, b satisfying the
conditions in Theorem 12(vi) with v,(m) = M. Choose n € N and n = 3 (mod 6).

Case 1. k — M is odd. Choose a = 1, b = ka;_l, and m = ZZ'A}V, Then a and b are odd integers,
(a,b) = 1, and vy(a®> + 3b) = k — M+ 1> 2. Since vs(Us) = vo(Us) + vo(a® + 3b) > vo(Us) + 2, we
obtain by Lemmas 3 and 8 that v,(U,,)) = v»(U3) = 1 and v»(Ug) =k — M + 2. By Lemma 2, for p > 2
and p | U, we obtain

Vo(Unm) = v, (m) + v,(U,) = v, (U + v(U,) =v,(UH).

By Lemma 3, we have
vo(m) = (US) =@My =k —k+ M =M

and
Vo(Up) = va(m) +v;(Ug) — 1 = M+ k=M +2 —1 = v,(U*).

From these, we obtain U,’f“ || U, and U,’,” || m. Therefore k, m,n, a, b satisfy all the conditions in
Theorem 12(vi).

~M+ k . . .
Case 2. k — M is even. Choose a = 1, b = 3£ A; =l and m = ZZ”M. The verification is the same as that

in Case 1. So we leave the details to the reader.

Substituting a = b = 1 in Theorems 10 and 12, (U,) becomes the Fibonacci sequence (F),),so and
we obtain our previous results [11, 18] as a corollary.

Corollary 14. [18, Theorem 2] and [11, Theorem 3.2] Let n > 3. Then the following statements hold:

() if F*||mandn #3 (mod 6), then F**! || F,,,;

Gi) if FX lm n=3 (mod 6)and "= t m, then F¥*! || F,;

(iii) i FX | m, n=3 (mod 6) and “ | m, then F¥*2 || F,,:
(v) if F*|| Fpy and n £ 3 (mod 6), then F* || m;
V) if F*"V || Fom, n =3 (mod 6), and 2 | m, then F* || m;

(vi) if F*|| Fp, n =3 (mod 6), and 2X ¥ m, then F*! || m.
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Substituting @ = 6 and b = —1, in our theorems, (U,) reduces to the sequence (B,) of balancing
numbers and we obtain the results of Patra, Panda, and Khemaratchatakumthorn.

Corollary 15. [14, Theorem 9] For all k > 1 and m,n > 2, we obtain B* || m if and only if BT || B,,,.

Similarly by, substituting a = 2 and » = 1 in our theorems, we obtain the exact divisibility results
for the Pell sequence (P,),>¢ as follows.

Corollary 16. For all k > 1 and m,n > 2, we obtain P* || m if and only if P! || P,,,.

We also plan to solve this problem for the Lucas sequence of the second kind in the future. The
answers will appear in our next article.
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1. Introduction

Throughout this article, let a and b be relatively prime integers and let (U,),so and (V,),>o be the
Lucas sequences of the first and second kinds which are defined by the recurrence relations

Upy=0,U,=1,U,=aU,_, +bU,_, forn > 2,

Vo=2,V =a, and V,=aV,_1 + an_z forn > 2.

To avoid triviality, we also assume that » # 0 and «/f is not a root of unity where @ and S are the
roots of the characteristic polynomial x> — ax — b. In particular, this implies that & # 8, @ # —, the
discriminant D = a> +4b # 0, U, # 0,and V,, # O foralln > 1. If a = b = 1, then (U,),o reduces
to the sequence of Fibonacci numbers F,; if a = 6 and b = —1, then (U,),>o becomes the sequence of
balancing numbers; if @ = 2 and b = 1, then (U,),¢ is the sequence of Pell numbers; and many other
famous integer sequences are just special cases of the Lucas sequences of the first and second kinds.
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The divisibility by powers of the Fibonacci numbers has attracted some attentions because it is used
in Matijasevich’s solution to Hilbert’s 10th problem [5, 6, 7]. More precisely, Matijasevich show that

F?|F,, ifandonlyif F,|m. (1.1)

From that point, Hoggatt and Bicknell-Johnson [4], Benjamin and Rouse [1], Seibert and Trojovsky
[19], Pongsriiam [15], Onphaeng and Pongsriiam [9, 10], Panraksa and Tangboonduangjit [11], and
Patra, Panda, and Khemaratchatakumthorn [12] have made some contributions on the extensions of
(1.1). For more details about the timeline and the development of this problem, we refer the reader
to the introduction of our previous article [8]. In fact, the most general results in this direction has
recently been given by us [8] as follows.

Theorem 1. [8, Theorem 10] Letk,m,n e N, a,b € Z, (a,b) =1, n > 2, and U’,j || m. Then

(1) if ais odd and b is even, then Uﬁ“ | Upps
(1) if a is even and b is odd, then U,’i“ | Ups
(iii) if a and b are odd and n # 3 (mod 6), then UKL || U,

(iv) if a and b are odd, n = 3 (mod 6), and U'I;H { m, then U || U,y
(v) ifaand b are odd, n = 3 (mod 6), # | m, and 2 || a* + 3b, then Uﬁ“ | Unns

(vi) ifa and b are odd, n = 3 (mod 6), U'?l | m, and 4 | a* + 3b, then U || U,,,,,, where

t = min({v2(Us) — 2} U {y, — k | p is an odd prime factor of U,}) and
| vpm)

y =
! L}p(Un)
Theorem 2. [8, Theorem 12] Let k,m,n e N, a,b € Z, (a,b) =1, n > 2, and U,’;“ || Upm- Then

(i) if a is odd and b is even, then U* || m;
(1) if a is even and b is odd, then Uﬁ || 'm;
(ii1) if a and b are odd and n # 3 (mod 6), then U,’j || m;
(iv) if a and b are odd, n =3 (mod 6), and 2 || a* + 3b, then U* || m;
(v) ifa and b are odd, n =3 (mod 6), 4 | a*>+ 3b, and v,(m) > k, then UX || m;
(vi) ifa and b are odd, n = 3 (mod 6), 4 | a> + 3b, and v>(m) < k, then

| for-each odd prime p dividing U,

m is even, vy(m)-= k + 1 — vy(a®> +3b), and U,vf(’") || m.

For other related and recent results on Fibonacci, Lucas, balancing, and Lucas-balancing numbers,
see for example in [3, 13, 14, 16, 17, 20] and references there in.

In this article, we extend Theorems 1 and 2 to the case of V, and the mix of U, and V,. For
example, we obtain in Theorem 15 that if @ and m are even, b is odd, and V,’j“ || Upm, then 2 | n implies
V,[fli“(k’”(’")) || m; while 2 { n implies V,’f | m and the exponent k can be replaced by k + 1 if and only if
V’11<+2 |

2

nm-

2. Preliminaries and Lemmas

In this section, we recall some definition and well known results, and give some useful lemmas
for the reader’s convenience. The order (or the rank) of appearance of n € N in the Lucas sequence

AIMS Mathematics Volume x, Issue x, XXX—XXX
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(Up)nso 1s defined as the smallest positive integer m such that n | U, and is denoted by 7(n). The exact
divisibility m* || n means that m* | n and m**! { n. The letter p is always a prime. For n € N, the p-adic
valuation of n, denoted by v,(n) is the power of p in the prime factorization of n. We sometimes write
the expression suchasa | b | ¢ = d to mean thata | b, b | ¢, and ¢ = d. For each x € R, we write | x|
to denote the largest integer less than or equal to x. So [ x| < x < |x] + 1. We let D = a® + 4b be the
discriminant and let @ and 3 be the roots of the characteristic polynomial x*> — ax — b. Then it is well
known that if D # 0, then the Binet formula

_a,n_ﬁn

a —

U,

and V, = " + " holds for all n > 0.

Next, we recall Sanna’s result [18] on the p-adic valuation of the Lucas sequence of the first kind.

Lemma 3. [18, Theorem 1.5] Let p be a prime number such that p 1 b. Then, for each positive integer

n,
vp(n) +v,(U,) — 1 ifp| Dand p | n,
0 if p| Dandp 1t n,
Vp(Un) = {vp(1) + vp(Upep) =1 if p £ D, 7(p) | n, and p | n,
Vp(Ury) ifp4 D, t(p)|n,and p 1 n,
0 if pt Dandx(p) 1 n.

In particular, if p is an odd prime such that p { b, then, for each positive integer n,

vp(m) +vp(U,) =1 "if p|Dandp|n,
ifplDandp{n,

V() +vp(Ury))  if ptDandt(p)|n,

0 if p4 D and t(p) 1 n.

From Lemma 3, and the fact that V,, = U,,/U,, we easily obtain the following result.

Vp(Un) 7

Lemma 4. If p is an odd prime and p 4 b. Then, for each positive integer n,

vp(n) +v,(Urpy)  if p4 D, T(p) 4 nand t(p) | 2n,
0 otherwise.

Vp(Vn) = {

Proof. This follows from the application of Lemma 3, a straightforward calculation, and the fact that

vp(Va) = v, () = vp(Uaa) = v, (Uy). O
Next, we give some old and new lemmas that are needed in the proof of main theorems.

Lemmas. Letn > 1and(a,b)=1.If p| U, or p|V,, then p 1 b. Consequently, (U,,b) = (V,,b) =1

7 foralln > 1.

Proof. The case for U, is already given in [8, Lemma 7]. So suppose by way of contradiction that
plV,and p|b. Since V, = aV,_, + bV,_, and (a,b) = 1, we obtain p | V,_;. Repeating this argument,
we see that p | V,, for 1 < m < n. In particular, p | V| = a contradicting (a,b) = 1. Soif p | V,, then
p 1 b, and the proof is complete. m|
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Lemma 6. [8, Lemma 8] Let a and b be odd, (a,b) = 1, and vo(Ug) > vo(Uz) + 2. Then vo(Uz) = 1.
For convenience, we also calculate the 2-adic valuation of U, and V,, as follows.
Lemma 7. Assume that a is odd, b is even, and n > 1. Then v,(U,) = v»(V,) = 0.

Proof. Since U; = 1 and U, = aare odd, and U, = aU,_1 +bU,_, = U,_; (mod 2) for r > 3, it follows

by induction that U, is odd. Since V,, = %, V., is also odd. This proves this lemma. O

Lemma 8. Assume that a is even, b is odd, and n > 1. Then

oa(U,) = va(n) +va(@) -1 if2 |,
270 if2 1t n,

(V) = 1 if2 | n,
20 @) if2 .

Proof. Since 2 | D, we obtain by Lemma 3 that for each n € N, v,(U,) = v,(n) + vo(U,) — 1 if 2 | n and

v (U,) = 0if 2 { n. Since U, = a, the formula for v,(U,) is verified. Then v,(V,) can be obtained from
Uy

a straightforward calculation and the fact that V,, = 7. This completes the proof. O

Lemma 9. Assume that a and b are odd, and n. > 1. Then

va(n) +v(Us) = 1~ ifn =0 (mod 6),
n(U,) =3v2(Us) ifn=3 (mod 6),

0 ifn#0 (mod 3),

1 ifn=0 (mod 6),
Vo (V) = {v2(Us) = v2(Us)  ifn=3  (mod 6),

0 ifnz0 (mod 3),

Proof. Since U, and U, are odd, and U; = a* + b is even, we have 7(2) = 3. In addition, 2 1 D.
Furthermore, 3 | n and 2 | n if and only if n = 0 (mod 6); 3 |n and 2 { n if and only if n = 3 (mod 6).

Then applying Lemma 3 and the fact that V,, = lgfn", we obtain the desired result. O

3. Main Results

We begin with the simplest theorem of this paper.
Theorem 10. Assume that k,m,n € N, a,b € Z, (a,b) = 1, and m is odd. Then

() if VK | m, then V' | V.,
(i) if VX || m, then VEU || V.,
(iii) if VE| Vi, then V1 | m;
(V) if VE || Vi then VA1 || m.

AIMS Mathematics Volume x, Issue x, XXX—XXX



5

Proof. We use Lemma 5 without reference. For (i), assume that V,’f | m. Since m is odd, V/, is also odd,
and so vz(V,’f“) =0.If p>2and p|V,, then p { b and we obtain by Lemma 4 that

Vp(vnm) = Vp(mn) + Vp(U‘r(p))
=v,(m) +v,(n) + v,(Uyp))
> v,(VE) +v,(V,) = v, (V.

Therefore v,(V,,) > v,(VE*) for all primes p dividing V,. This implies VA | V.

For (ii), assume that V¥ || m. By (i), it is enough to show that V¥*2 ¥ V,,. Since V¥*! t m, there
exists a prime p dividing V,, such that vp(V,’f“) > v,(m). Here we remark that the letter p in the proof
of (1) and in the proof of (ii) may be different or may be the same. We believe that there is no ambiguity
since (i) is already done. Now since V¥ | m and m is odd, V,, is also odd, and so vo(V¥*!) = v,(m) = 0.
Therefore p is odd. By Lemma 4, we obtain

Vo(Vim) = vp(nm) + v,(Urpy) = vp(m) +v,(n) + v,(Uyp))
= v,(m) + (Vi) < v,(VE) +v,(V,) = v, (V).
This shows that V¥*2 t V,,.. as required.
For (iii), assume that V¥ | V,,,. We show that v,(VA7") < v,(m) forall primes p dividing V,. If p is
odd and p | V,, then we apply Lemma 4 to obtain that
Vvo(Vi) + v, (VI = v (V5 <v,(Vi) = v,(nm) +v,(Ux ()

= v,(m) + v,(n) + v,(Ux(p))
vp(m) + vy(V,),

and so v,,(V,’f_l) < v,(m). It remains to show that vo(VE1y < vs(m). If @ is odd and b is even, then it
follows from Lemma 7 that vz(Vlj‘l) =0 < wv,(m). Recall that (a,b) =1, so a and b cannot be both
even. So we have the following two remaining cases: (a is even and b-is odd) or (a and b are odd).

Case 1 a is even and b is odd. We will show that k must be 1, and so0 v,(VE™!) = 0 < vo(m). If 2 | n,
then we apply Lemma 8 and the assumption that V* | V,,,, to obtain

1< k=w(VY < v(Vi) = 1.
Similarly, if 2 1 n, then 2 { nm and we can use Lemma 8 again to obtain
kva(a) = va(Vy) < vo(Viw) = va(@).

In any case, k = 1, as asserted.

Case 2 a and b are odd. We use Lemma 9 in this case. If n # 0 (mod 3), then v,(V¥™1) = 0 < vy(m).
If n =0 (mod 6), then nm = 0 (mod 6), and 50 k = vo(V¥) < v2(V,,,) = 1; thus vo(VEY) = 0 < vy(m).
We now suppose n = 3 (mod 6). Since m is odd, nm = 3 (mod 6). Therefore

k(v2(Ug) = vo(Us)) = va(VE) < va(Viw) = va(Us) — va(Us).

So k = 1 and thus v,(V¥!) = 0 < v,(m). Hence vp(V,’j_l) < v,(m) for all primes p dividing V,, as
desired. This proves (iii).

For (iv), assume that V¥ || V,,. By (iii), we have V¥°! | m. If V¥ | m, then we obtain by (i) that
vk | v, which contradicts V¥ || V,,,. Therefore VA~! || m. This completes the proof. o
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In the next example, we show that a version of Theorem 10 where m is even does not exist.

Example 11. Let k,m,n € N, a,b € Z, (a,b) = 1, and m is even. Let p be an odd prime dividing
V,. By Lemma 4, we have p ¥ D, 7(p) { n and 7(p) | 2n. Since m is even and 7(p) | 2n, we obtain
7(p) | mn. By Lemma 4, we have p ¥ V,,,,, and so V,, ¥ V,,,,. This shows that m in Theorem 10 cannot
be even.

Remark 12. The argument in Example 11 works provided that there exists an odd prime p dividing V,,.
The case V,, = 2* for some k € N U {0} may occur but it is very rare. For example, whena = b = 1, we
know from the result of Bugeaud, Mignotte, and Siksek [2] that V, is 1 or is a power of 2 if and only if
n = 0,1, 3. Therefore we do not consider this rare case in our theorems.

We now have the exact divisibility results for U, and V, separately. In the next theorem, we consider
them together. In other words, we investigate the relations of the type V; | m implies V,ff | U, and
Ve || U,y implies V¢ || m. We divide the results into 5 Theorems according to the parities of a and b.
From this point on, we apply Lemma 5 without reference.

Theorem 13. Suppose that k,m,n € N, a,b € Z, (a,b) = 1, ais odd, b is even, and m is even. Then
() if VK| m, then VM1 | U,,,.s
(ii) if VE Il m, then VIV || Uy
(iii) if VE | U,y then VE | m;
@iv) ifV,’frl || U then V,’; | m.
Proof. For (i), assume that V¥ | m. We show that vp(V,’f“) < vp(U,p,) for all primes p dividing V,,. By

Lemma 7, we have v,(V,) = 0. So let p be an odd prime dividing V,,. By Lemma 4, p 1 D, 7(p) 1 n,
and 7(p) | 2n. Then 7(p) | nm. By Lemmas 3 and 4, we obtain

Vo(Upm) = vp(nm) +v,(Uspy) =V,(m) + v, (n) +v,(Uspy) = v, (V) +v,(n) +v,(Urp)
=v,(VE) +v,(V,) = v, (V&) as required.

For (ii), assume that V¥ || m. By (i), it is enough to show that V¥2 4 U,,,.. Since V¥*! f m, there
exists a prime p such that v,(V&!) > v (m). By Lemma 7, vo(VX*!) = 0, and so p # 2. Since p | V,,
we know that p ¥ D and 7(p) | mm. Therefore we obtain by Lemmas 3 and 4 that

Vo(Unm) = vp(nm) + v,(Urpy) = vp(m) + v, () + v, (Uy) = vp(m) +v,(Vy,)
<V (VEDY +1,(V,) = v,(Vi*), as desired.

For (iii), assume that V¥*! | U,,,,. By Lemma 7, vo(m) > 0 = vo(V¥). If pis odd and p | V,,, then we
apply Lemmas 3 and 4 again to obtain

Vp(Vn) + Vp(vy]lc) = vp(vr]:H) < Vp(Unm) = vp(nm) + Vp(UT(p))
=v,(m) +v,(n) +v,(Uqp))

=v,(m) +v,(V,).

This shows that v,(V¥) < v,(m) for every prime p dividing V,.. So V¥ | m.
For (iv), suppose V¥*! || U,,,. By (iii), it is enough to show that V¥*! { m. If V¥*! | m, we apply (i)
to obtain V¥*? | U,,, contradicting V¥*! || U,,,. Therefore the proof is complete. O
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We show in Example 18 that m in Theorems 13 to 17 cannot be odd.

Theorem 14. Assume thatk,m,n € N, a,b € Z, (a,b) = 1, a is even, b is odd and m is even. Let

t = min({v2(n) + va(a) — 2} Uy, — k | p is an odd prime factor of V,,}) and

{ v,(m)
P =

| for each odd prime p dividing V,.
Vp(Vi)

Then

() if V¥ | mand 2 | n, then V"‘Jrl | Uy
ifVE | mand 2 ¥ n, then 2~ | Uy
ifVE|Im, 2 1 n, and vz(m) > vz(V") + 1, then VF*'U | U,,,;
ifVEim, 2 |n, and Y= | m, then t > 0, vy(m) > k, and V"' | U,,,,.;
(i) if V¥ |lm, 2 | nand Vil /rm then VU || U,
(iii) if V¥ || m, 2| n and Va | m, then VY || U,y
@iv) lfV,]l( [| m, 2 4 nand vz(m) = vz(V,’f), then V,’l‘ | Uins
(v) if VK| m, 2 & nand vo(m) = vy(V¥) + 1, then VE*U || U,

Proof. For (i), assume that V,’j | m. If pis an odd prime and p | V,,, then p ¥ D, 7(p) | nm, and we can
apply Lemmas 3 and 4, to obtain

Vp(Unm) i Vp(nm) + vp(UT(p))
=v,(m) + v,(n) +v,(Uyp))
> v, (VE) 4 v, (V) =v,(V.

From this point on, we sometimes use Lemmas 3 and 4 without reference. Next, we consider vz(V,’f“)
and v,(U,,,). If 2 | n, then we apply Lemma 8 to obtain

Vo(Upm) = vo(um) + va(a) — 1 = va(m) + vo(n) + va(a) = 1
> (V) +,(n) + va(a) — 1
2 (VY + 1 =V 4+ va(V,) = v(VE.

This implies the first part of (i1). Since m is even, 2 | nm. So if 2 { n, then we can still apply Lemma 8
to obtain

v(Upm) = va(nm) + va(a) — 1
=vy(m) + va(a) — 1 3.1

k+1
> (VO + @) = 1= (VY +0,(V) -1 = vz( 2 )

This implies the second part of (i). For the third part of (i), we assume that 2 { n and v,(m) >
v2(V¥) + 1, and then we repeat the argument used in the second part to obtain

Va(Upm) = va(m) + va(a) — 1 > vo(VE) + vy(a) = va(VEH).
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Therefore v,(Uyy) > vp(V"“) for all primes p, which implies the desired result. Next, we prove the
last part of (i). Assume that V¥
addition, v,(m) > vp(V,’f) = kvp(Vn), and SOy, Z k. Therefore t>0andr+ 1 < wn) + vz(a) - 1 By
Lemma 8, we have v,(V,) = 1, and therefore v,(m) > k and

Vo(Upm) = va(nm) + va(a) — 1 = va(m) + va(n) + va(a) — 1 > k+ 1+ 1 = vy (VEH),
If p is an odd prime and p | V,, then

Vp(Unm) = vp(m) + v, (1) + v, (Ur(p) = vp(m) +v,(Va) 2 y,v,(V,) +v,(V,)
= (yp + 1)Vp(Vn) >(k+t+ l)vp(Vn) — vp(vrll<+t+1).

Hence v,(U,,) > v (V"*’“) for all primes p dividing V. Thus |%atan U,,m, as desired.
Next,

V&2 ¥ U,,.. By Lemma 8, we know that vz(V) = 1. Then vz(m) > (VK ) =, (V ) Since —%—
there exists an odd prime p dividing V,, such that vp(V,’f“) > y,(m). Then p t D, 7(p) | nm, and

k+|
1 m,

Vo (VE2) = v (VED) +0,(V) > v, (m) + (V)
=v,(m)+ v,(n) +v,(Uyp)
B Vp(Unm)-

This implies V"+2 1 Uy
For (iii), assume that V* || m, 2 | n, and LS | m. By (i), we obtamt > 0, vo(m) > k, and V<1 | U,,..

So it remains to show that o
for every odd prime p. If vz(m) > k+ 1, then vs(m) > vz(V,’l‘”) Wthh 1mphes V,’j” | m contradlcting
the assumption V¥ || m. Therefore v,(m) = k. Next, we show that VA2 4 U,,,. If t = y, — k for some
odd prime p dividing V,,, then we apply Lemmas 3 and 4 to obtain

Vp(Unm) = Vp(nm) + Vp(UT(p))
Vvp(m)

= vp(m) +v,(V,) = (V,,(Vn) + 1) vp(Va)

<y + 2v,(Vy) = (k+ 1+ 2)v,(V,) = v,(VEH2),

and so VK"*2 y U,,,.. If t = v5(n) + v»(a) — 2, then we obtain by Lemma 8 that
Vo(Upm) = va(nm) + va(a) — 1 = va(m) + va(n) + va(a) — 1 = k+ 1+ 1 < vy (VE+2),

and so V¥**2 ¥ U,,.. This proves (iii).

Next, we prove (iv). Assume that Vk || m, 2 ¥ nand v,(m) = vz(V") By (i), we have Yz | Un.
To show that V,’; | U, it suffices to prove that vz(V,’l‘) < vo(U,). Recall from (3.1) in the proof of the
second part of (i) that

Va(Upm) = va(m) + va(a) = 1 = va(VE) + va(@) — 1 > va(V5),
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V2(Upn) = va(m) +va(@) = 1= vo(V,) +va(V,) = 1 <oV,
So V¥ | U,,, and V¥*! y U,,,. Thus V¥ || U,,,.
For (v), assume that V¥ || m, 2 1 n, and v,(m) > vo(V¥)+1. By (i), it suffices to show that V¥*2 t U,,,.
Since V&*! f m, there exists a prime p dividing V, such that v,(VA*!) > v,(m). If p = 2, then we obtain
by Lemma 8 that

Vo(Upm) = va(m) + va(a) — 1 < vy(VED) 4 00(V,) = 1 < vy (VEH),
and so V¥*2 ¥ U,,,,.. If p > 2, then we obtain
Vp(Unm) = vp(mm) + v,(Usr) = vp(m) +v,(V,) < vp(VED) 4 v,(V,) = v, (VE),

which implies V¥*2  U,,,.. This completes the proof. |
From this point on, we apply Lemmas 3, 4, 5, and 8 without reference.
Theorem 15. Suppose that k,m,n € N, a,b € Z, (a,b) = 1, ais even, b is odd, and m is even. Then

(i) for all odd primes p, if v,(Vi*") < v,(Un,), thert vy (V) < v,(m);
(i) if VAU | Uy and 2 | n, then V620 |y
if VEU | Uy and 2 | n, then V™ &2 ||
(iil) if V&' | Uy and 2 £ n, then V* | m;

GV) if VIl U, 24 1 and Y= ¥ U,,,,, then VE | m;

V) i VI Uy 24 1, and 22| Uy then VY[ m.

Proof. For (i), assume that p is an odd prime and vp(V,’f“) <v,(Uyn). If p|V,, then

Vp(Vn) + v,,(V,/f) = Vp(vrlf—l) < Vp(Unm) —~ Vp(nm) + VP(UT(P))
Vp(m) + v, (n) + v,(Uqp)
= Vp(m) =+ Vp(Vn)’

which implies (i). By (i), we only need to consider the 2-adic valuation in the proofs of (ii), (ii1), (iv),
and (v).

For (ii), assume that V¥*! | U,,, and 2 | n. For convenience, let ¢ = min(k, vo(m)). If v,(m) > k, then
va(VE) = k < vy(m), and so VE | m. If va(m) < k, then vy(V;2") = vy(m) and v,(V;>") < v,(VF) <
v,(m) for all odd primes p, and therefore V,?(m) | m. In any case, we obtain V; | m. This proves the first
part of (ii). Suppose further that V¥*! || U,,, but V¢*! | m. Then

va(m) = vy(VEHY) = min(k, vo(m)) + 1,

which implies ¢ = k. Then V¥*! = v+ | m. By (i) of Theorem 14, we obtain V**? | U, contradicting
V,’frl || Upm- This completes the proof of (ii).
For (iii), assume that V**! | U,,, and 2 t n. Then

va(@) + va(VE) = vy(VEY) < vy(U) = va(nm) + va(@) = 1 = va(m) + va(a) — 1.
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Therefore v2(V¥) < v,(m), and so V¥ | m.
k+2
For (iv), assume that V¥ || U,,,, 2 1 n, and VlT { Uy By (i), V¥ | m. If V! | m, then we obtain

from (i) of Theorem 14 that ng

For (v), assume that V,’f” || Upm» 2 £ n, and # | Upm- If p is odd, then vp(V,’fz) < v,(Uyn), and so
we obtain by (i) that v,(VA*') < v,(m). In addition,

| U, a contradiction. So V¥ || m.

(VY 4+ va(a) = 1 = va(VE2) = 1 < va(Up) = va(nm) + va(a) — 1 = va(m) + va(a) — 1,

and so vo(V¥*!) < vy(m). Therefore VA | m. If V¥*2 | m, we obtain from (i) of Theorem 14 that

k+3
V”T | U,m» which implies V¥*? | U,,, contradicting V**! || U,,,. Therefore V¥**! || m and the proof is
complete. O

Theorem 16. Suppose that k,m,n € N, a,b € Z, (a,b) = 1, a and b are odd, and m is even. Let

c=nUs) -1,
t = min({v2(n) + ¢ = 1} U {y, = k| p is an odd prime factor of V,}),
s = min({c — 1} U {y, = k | p is an odd prime factor of V,}}), and
vp(m) . )
Vp = for each odd prime p dividing V,.
vp(Vy)
Then

1) if V,’f | m, then V,’f“ | Upms
(i) if V¥ || mand n £ 0 (mod 3), then VS| U,,.;
k+
(iii) if V¥l m, n = 0 (mod 6) and 2= 4 m, then VE |\ U, ¢
(v) if VK Im, n=0 (mod 6), and 2= | m, then t > 0 and V1| U,
if VEllm,n =0 (mod 6)and 2= | m, then VA1 || U,p;
V) if VE Il m, n=3 (mod 6),2 || a®+ 3 and 2= ¥ m, then V' || Uy
(Vi) if VE | m, n =3 (mod 6),2 [la® +3b, and 2= | m, then s > 0.and V&+**1 | U,,.;
if VK| m, n=3 (mod 6), 2 || a®+3band

k+1
V”z | m, then V¥+t1'\| U,,,.;

(vii) if VE || m, n =3 (mod 6), 41+ 3b and Lt m, then V' || U,

(viii) if V¥ [ m, n =3 (mod 6), 4 | a® + 3band L | m, then V2 | 2°U,;

‘%ZH
ifV,’f || m, n=3 (mod 6), 4| a®>+ 3b and 22— | m, then V,’f+2 | 2°U .

Proof. As usual, to prove that V¢ | U,,,, we show that v,(VY) < v,(U,,) for all primes p dividing V.
Similarly, if we would like to prove that V,f t U,m, then we show that vp(V,f) > v,(Uyy) for some prime
p. If p is odd, then we apply Lemmas 3 and 4; if p = 2, then we use Lemma 9; and we will do this
without further reference. For (i), assume that V¥ | m. If p is odd and p | V,,, then

Vo(Upm) = vp(nm) +v,(Us(p) = Vp(m) + v, (n) + v,(Uspy) = vp(VE) +v,(V,) = v, (V.

So it remains to show that v,(U,,) = v2(V¥!). If n £ 0 (mod 3), then v,(V¥™!) = 0 < v,(U,,). So
suppose that n = 0 (mod 3). Then nm = 0 (mod 6) and so

Vo(Upm) = va(nm) +vo(Us) = 1 2 va(V) + va(n) + va(Us) = 1. (3.2)

AIMS Mathematics Volume x, Issue x, XXX—XXX



11

Since Us = a*> + b is even and U = a(a® + 3b)Us, we know that v,(Us) > 1 and v,(Ug) > 1. Soifn =0
(mod 6), then v,(n) > 1 and (3.2) implies that

Va(Upm) 2 v2(VE) + v2(Us) 2 va(VE) + v(V,) = wy(VE.
If n =3 (mod 6), then (3.2) implies
V2(Upm) = 2 (V) + va(Us) = 1 2 va(Vy) + va(Us) = va(Uz) = va(Vi™).

In any case, v(U,,,) > vo(V¥1). This proves (i).

For (ii), assume that V¥ || m and n # 0 (mod 3). By (i), it is enough to show that V¥**? t U,,,. Since
Vi1 f m, there exists a prime p dividing V,, such that v,(VA*') > v,(m). Since vo(VE*") = 0, we see
that p # 2. Then

Vo(Upm) = vp(nm) +v,(Us(p) = Vp(m) + v, (n) +,(Usp) < vp(VETDY) +1,(V,) = v,(VE?), as desired.

k+1
Vn

For (iii), assume that V¥ || m, n = 0 (mod 6), and .— {4 m. By (1), it is enough to show that

. Vk+l Vk+
V2 ¥ U,,. Since - -

2~ + m and vy( l) = vz(V,’j) < w(m), we see that there exists an odd prime p
dividing V, such that v,(V&*') > v,(m). Then

Vo(Unm) = vp(nm) +v,(Uspy) = vp(m) + v, (V) <v,(VEDY +3,(V,) = v, (V).

Therefore V¥*2 t U,,,,, as required.

For (iv), we first assume that V,f | m, n =0 (mod 6), and V'];; | m. Since vo(n) > 1 and v,(Us) >

v2(U3) > 1, it is not difficult to see that # > 0. If p is an odd prime dividing V,, then

Vp(Unm) . Vp(nm) + Vp(UT(p)) = Vp(m) + Vp(vn)
= YpVp(Va) + vp(Va) = (vp + Dy p(Va)
> (k+t+ D, (V) = v, (VA

In addition,

V2(Un) = vam) +va(Us) ~ 1 = vam) 4 valn) +v2(Us) - 1
> VZ(V,,]:) +t+1l=k+t+1= vz(VII;+t+]).

Therefore V,’j*’“ | U, This proves the first part of (iv). Next, assume further that V,’f || m. It is enough

to show that V&**2 4 U,,,. Recall that y, = [va((y))J’ 80 v,(m) < (y, + v, (V). Soif t = y, — k for some
p\Vn

odd prime p dividing V,,, then

Vo(Upm) = vp(nm) +v,(Usp) = vp(m) + v, (V) < (v, + 200, (V) = (k + £+ 2)v,(V,) = v, (VE2),

which implies V¥**2 t U,,.. So suppose t = vy(n) + v,(Ug) — 2. Since V’I;l | m, we see that v,(m) >
v,(VE*) for all odd primes p. If va(m) > k + 1, then vy(m) > vo(VE*"),which implies V&' | m

contradicting the assumption V¥ || m. Therefore v,(m) < k. Then

Vo(U,m) = va(nm) + vo(Ug) — 1 = va(m) + vo(n) + va(Ug) — 1 <k+t+1 < vz(V,]f””).
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i Therefore, V¥*'*2 t U, as required.
k+
For (v), assume that V¥ || m, n = 3 (mod 6), 2 || a* + 3b, and VT] { m. By (i), it suffies to show

that V¥*2 f U,,,. Since Us = a(a® + 3b)U; and 2 || @* + 3b, we obtain vo(V,) = vo(Us) — v2(Us) = 1.
Since Vi; { m and v, (@) = v2(V,’1‘) < vy(m), there exists an odd prime p dividing V, such that
v,(VE) > v, (m). Therefore

Vo(Upm) = vp(nm) +v,(Uspy) = vp(m) + v, (V) < v, (VI + v, (V,) = v,(VE2), as desired.

2 For (vi), assume that V¥ | m, n = 3 (mod 6), 2 || a* + 3b, and V’gﬂ | m. Since a®> + 3b and U; are

s even, and Ug = a(a® + 3b)Us, we have v,(Ug) — 2 > 0. Since V,’f | m, we have y, > k for all odd primes
4 pdividing V,. Therefore s > 0. By the same argument as in the proof of (v), we obtain v,(V,) = 1. In
s addition, vy(m) > v(VY) = k and v,(VE*) = vp(@) < v,(m) for every odd prime p. If V¥ || m and
6 Vva(m) = k+ 1 = vy(V¥), then V! | m which is a contradiction. Therefore,

if V¥ || m, then v, (m) = k. (3.3)
We will apply (3.3) later. For now, we only need to apply v,(m) > k. We obtain
Vo(Upm) = va(nm) + vo(Ug) = 1 =va(m) + vo(Ug) = 1 >k +va(Us) =1 > k + s + 1 = vy (VEFH),
Ifp>2andp|V,, then
Vop(Unm) = vp(nm) + vp(Urp) = vp(m) + vp(Vi) = (vp + Dvp(V) > (k + s+ Dvy(V,) = vp(VESH,

This implies V¥**! | U,,.. Next, assume further that V¥ || m. It remains to show that V¥**2 y U,
By the definition of y,, we know that (y, + 1)v,(V,,) > v,(m). So if s = y, — k for some odd prime p
dividing V,,, then

Vp(Unm) = vp(nm) + v, (Urp)) = vp(m) + vy(V,) < ) + 20, (V) = (k + 5+ 2)v,(V,) = v, (VEH*2),
which implies V¥*5*2  U,,.. By (3.3), we know that v5(m) = k. So if s = v3(Us) — 2, then
Va(Upm) = va(nm) + va(Us) = 1 = vam) +v3(Usg) = 1 =k + 5+ 1 < vy(VEH*2),

7 Soin any case, V¥*5*2 ¥ U, as required.
k+1
For (vii), we let ¢ = v2(Us) — 1 and assume that V¥ || m, n = 3 (mod 6), 4 | a®+3b, and 2~ f m. By
(i), it is enough to show that V¥*2 ¥ U,,.. Since 4 | a®> + 3b and Us = a(a® + 3b)Us, we have v,(Ug) >

v2(U3) + 2. By Lemma 6, we obtain v,(Usz) = 1, and so v,(V,)) = va(Ug) — v2(U3z) = v,(Ug) — 1 = c.
V’11<+l
2¢

Since 1 m and

k+1
Vz( ;c ) = (k+ 1va(V,) = va(V,) = va(VE) < va(m),

there exists an odd prime p dividing V,, such that vp(V,f“) > v,(m). Then

Vp(Unm) = Vp(nm) + Vp(UT(p)) = Vp(m) + Vp(vn) < Vp(Vnk+l) + Vp(Vn) = Vp(Vrlzc+2)-
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Therefore V52 t U,,.
For (viii), assume that V¥ | m, n =3 (mod 6), 4 | a* + 3b, and
dividing V,,, we have

sz: : | m. Then for each odd prime p

k+1

k+1 Vn
vp(V, ") = vp( T ) < v,(m). (3.4)

Since 4 | a®>+3b and Ug = a(a®+3b)Us;, we obtain v»(Us) > v»(U3) +2. By the same argument as in the
proof of (vii), we obtain v,(V,,) = vo(Us) — 1 = c. Since V¥ | m, we see that vo(m) > vo(V¥) = kvo(V,).
If VK || m and vy(m) > (k + 1)va(V,), then v,(m) > v,(VE*) for all primes p, and so V&' | m, a
contradiction. Therefore

va(m) = kvy(Vy), (3.5)

and
if V,f || m, then kv,(V,) < va(m) < (k + Dvo(V,). (3.6)

We will apply (3.6) later. For now (3.5) is good enough. We obtain

Q2 Unm) = v2(Us) = 1.4 v2(Up) = v2(Ug) = 1 + vo(nm) + v2(Ug) — 1
=21 (Us) = 1) +vy(m)
> 2(1(Us) = 1) + kva(V,)
=2(12(Us) = 1) + k(v2(Ug) — 1)
= (k + 2)(n(Us) = 1) = va(V,).

Ifp>2andp|V,, then
Vp(ZCUnm) = Vp(Unm) = vp(nm) + Vp(U‘r(p)) Z Vp(m) + Vp(Vn) 2 Vp(V;];H) + Vp(Vn) = Vp(V,],Hz),

where the last inequality is obtained from (3.4). This implies that V&2 | 2¢U,,,.. So the first part of

(viii) is proved. Next, assume further that V,’f || m. To prove the second part, it now suffices to show
that V¥*3 t 2¢U,,,. We have

V2(2°Upm) =v2(Us) = 1 + v2(Upnm)
= v(Ug) = 1 + vo(nm) + vo(Ug) — 1
=2(»(Us) = 1) + va(m)
<2(n(Us) — 1) + (k + D)(v2(Up) — 1)
= (k+3)(n(Us) — 1) = n(V;™),

where the inequality is obtained form (3.6) and the fact that v,(V,)) = v»(Us) — 1. This completes the
proof. O

Theorem 17. Suppose that k,m,n € N, a,b € Z, (a,b) = 1, a and b are odd and m is even. Then

(i) for every odd prime p dividing V,,, if v,(VE*Y) <v,(Upy), then v,(VF) < v,(m) ;
(i) if VM U, and n £ 0 (mod 3), then V* | m;
if VU U,y and n £ 0 (mod 3), then VE || m;
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(iii) if V| U, n =0 (mod 6), and vy(m) > k, then V¥ | m;
if VEU | Uy, n = 0 (mod 6), and vy(m) > k, then V¥ || m;
if VU U,y n = 0 (mod 6), and vo(m) < k, then V22 || e
(iv) ier]zCH | Uy, n =3 (mod 6), 2 || a* + 3b, and vy(m) > k, then Vr]: | m;
ifV’];“ | Upmy n =3 (mod 6), 2 || @* + 3b, and vo(m) > k, then V;]q( | m;
if VI | Uy =3 (mod 6), 2 || @ + 3b, and vo(m) < k, then V"™ || m;
(V) if V' | Uy, n = 3 (mod 6), and 4 | a® + 3b, then V¥ | m;
Vit | Uy n = 3 (mod 6), and 4 | a* + 3b, then Vy, || m.

Proof. We apply Lemmas 3, 4, and 9 throughout the proof without reference. For (i), assume that p is
an odd prime dividing V,, and vp(V,f“) < v,(Uun). Then

Vo(Va) + v, (V) = v, (VA < v, (Upp) < v, (nm) + v, (Us(p) = v,(m) +v,(V,),

which implies (i). Therefore we only need to consider the 2-adic valuation in the proof of (ii) to (v).

For (ii), assume that V¥*! | U,,, and n'# 0 (mod 3). Since v»(V¥) = 0 < v,(m), we obtain by (i) that
VK| m. Suppose futher that V¥*! || U,,,,. If V¥*1'| m, then (i) of Theorem 16 implies V**? | U,,,, which
contradicts V¥ || U,,,,, and so V¥ || m.

For (iii), assume that V¥**! | U,,, and n =0 (mod 6).

Case 1 vy(m) > k. Then v,(V¥) =k < v,(m). So we obtain by (i) that V¥ | m. If V¥*! || U,,,,, then we
obtain by (i) of Theorem 16 that V"' t m, and so V* || m. This proves (iii) in the case v,(m) > k.

Case 2 v,(m) < k. For convenience, let d = v,(m). Since v,(V¢) = d = v,(m) and v,,(V,‘f) < v,,(V,’j) <
v,(m) for every odd prime p dividing V,,, we obtain V¢ | m. If V&*! | m, then d+1 = vy (V™) < vy(m) =
d, a contradiction. So V¢ || m.

For (iv), assume that V¥*1'| U,,,, n = 3 (mod 6), and 2 || @* + 3b. Since Us = a(a* + 3b)Us and
2 || @® + 3b, we obtain vo(V,) = va(Us) = va(Us) = 1.

Case 1 v,(m) > k. Then v,(V¥) = k < v,(m), and so we obtain by (i) that V¥ | m. If V¥*! || U,,,,, then
we obtain by (i) of Theorem 16 that V¥ || m. This proves (iv) in the case v,(m) > k.

Case 2 v,(m) < k. For convenience, let d = vy(m). Then vo(VY) =d = vo(m) and v,(V?) < v,(VF) <
v,(m). Therefore V? | m. If V4L | m, thend + 1 = vo(V4*Y) < v2(m) = d, a contradiction. Therefore
Va || m.

For (v), assume that V¥*! | U,,,, n = 3 (mod 6), and 4 | a®> +3b. Since Us = a(a® + 3b)Us and
4 | a* + 3b, we obtain v,(Ug) > v,(U3) + 2. By Lemma 6, we have v,(Usz) = 1. Then v»(V,) =
v2(Us) — v2(U3) = v2(Us) — 1 and

(V) +12(V,) = va(VEY) < vy(Upm) = va(nm) + vao(Us) = 1 = va(m) +va(V,,).

So v(V¥) < vo(m). By (i), we obtain V¥ | m. If V¥*! || U,,,, then we obtain by (i) of Theorem 16 that
VKL ¥ m, and so V¥ || m. This completes the proof. o

The next example shows that m in Theorems 13 to 17 is necessarily even.

Example 18. Let k,m,n € N, a,b € Z, (a,b) = 1 and m is odd. Let p be an odd prime dividing V,. By
Lemma 4, we have p t D, 7(p) 1 n and 7(p) | 2n. Therefore 7(p) is even and vo(7(p)) = vo(n) + 1. So
7(p) ¥ nm. By Lemma 3, v,(U,,,) = 0. Therefore V,,  U,,,. This shows that m in Theorems 13 to 17
cannot be odd.
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Example 19. Let k,m,n € N, a,b € Z, (a,b) = 1. Let p > 2 and p | U,. By Lemma 3, we have (i)
vp(Uy) =v,(n)+v,(U,)—1if p| Dand p | n, and (i1) v,(U,) = v,(n) + v,(Uy)) if p 4+ D and 7(p) | n.
For (i), we have p | D and so v,(V,,,) = 0 and U, t V,,,,,. For (ii), we have 7(p) | nm and so v,(V,,,,) = 0
and U, 1 V,,,. This shows that there is no interesting divisibility relation such as Uﬁ | Vi
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