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Chapter 1

Introduction

The theory of circulant matrices over the complex field C has widely been stud-

ied and applied in many branches of Mathematics and Engineering. A circulant

matrix is a matrix where each row is rotated one element to the right relative to

the preceding row [4]. Precisely, an n× n circulant matrix is of the form

z0 z1 . . . zn−2 zn−1

zn−1 z0 . . . zn−3 zn−2

zn−2 zn−1 . . . zn−4 zn−3

... ... . . . ... ...

z1 z2 . . . zn−1 z0


for some (z0, z1, . . . , zn−1) ∈ Cn.

In applications, circulant matrices can be applied in solving linear systems

using discrete Fourier tranform and they can be used in the MixColumns step

of the Advanced Encryption Standard in cryptography. In [2], the eigenvalues

of a circulant matrix have been studied. Determinants, norms, and the spread

of circulant matrices with Tribohacci and generalized Lucas numbers have been

studied in [6] and references therein. The probability that the determinant of an

integer circulant n×n matrix is divisible by a prime p (where p does not divide n)

have been studied in [9]. In [4] and [5], the inverse of a circulant matrix is studied.
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It is well known [4] that the set of all circulant matrices is isomorphic to the ring

C[x]/ ⟨xn − 1⟩ . In [8], some groups of circulant matrices have been studied.

Skew polynomials over the complex numbers have been studied in [3]. They

have interesting properties and the set of all skew polynomials over C forms a

non-commutative ring under the addition and multiplication defined in Chapter

2. In [1], some properties of skew polynomials have been studied and applied in

coding theory.

In this thesis, four generalizations of circulant matrices are introduced, namely,

right conjugate-circulant, left conjugate-circulant, right conjugate-negacirculant

and left conjugate-negacirculant matrices. The algebraic characterizations and

some properties of such matrices are studied in terms of skew polynomials over

C. These might motivate further study of properties of such matrices such as de-

terminants, norms, diagonalizability etc. Moreover, applications of such matrices

would be interesting for further studies.

The thesis is organized as follows. The formal definitions of right conjugate-

circulant matrices, left conjugate-circulant matrices, right conjugate-negacirculant

matrices, left conjugate-negacirculant matrices and skew polynomials over C are

given in Chapter 2 as well as their basic properties. In Chapter 3, group struc-

tures of some subsets of such matrices are established. In Chapter 4 Section 4.1,

the characterization of right conjugate-circulant matrices and their properties are

established. The characterization of right conjugate-negacirculant matrices and

their properties are given in Section 4.2. In Section 4.3, some relations among

right conjugate-circulant matrices and right conjugate-negacirculant matrices are

discussed.



Chapter 2

Preliminaries

In this chapter, some properties of skew polynomials over the complex field

are discussed. The notions of complex right conjugate-circulant, left conjugate-

circulant, right conjugate-negacirculant matrices and left conjugate-negacirculant

matrices are mentioned.

2.1 Generalization of Circulant Matrices

For each n ∈ N, let Mn(C) denote the set of all n × n complex matrices and

let GLn(C) = {A ∈Mn (C) | det(A) ̸= 0} . Let ξ : C → C denote the complex

conjugate, i.e., ξ(z) = z. An n× n matrix A over C is said to be right conjugate-

circulant (resp., left conjugate-circulant) if

A =



z0 z1 . . . zn−2 zn−1

ξ(zn−1) ξ(z0) . . . ξ(zn−3) ξ(zn−2)

ξ2(zn−2) ξ2(zn−1) . . . ξ2(zn−4) ξ2(zn−3)

... ... . . . ... ...

ξn−1(z1) ξn−1(z2) . . . ξn−1(zn−1) ξn−1(z0)



3
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(resp., A =



z0 z1 . . . zn−2 zn−1

ξ(z1) ξ(z2) . . . ξ(zn−1) ξ(z0)

ξ2(z2) ξ2(z3) . . . ξ2(z0) ξ2(z1)

... ... . . . ... ...

ξn−1(zn−1) ξn−1(z0) . . . ξn−1(zn−3) ξn−1(zn−2)


)

for some (z0, z1, . . . , zn−1) ∈ Cn. A right (resp., left) conjugate-circulant matrix of

this form is denoted by rcirconj((z0, z1, . . . , zn−1)) (resp., lcirconj((z0, z1, . . . , zn−1))).

In similar fashion, an n × n matrix A over C is said to be right conjugate-

negacirculant (resp., left conjugate-negacirculant) if

A =



z0 z1 . . . zn−2 zn−1

ξ(−zn−1) ξ(z0) . . . ξ(zn−3) ξ(zn−2)

ξ2(−zn−2) ξ2(−zn−1) . . . ξ2(zn−4) ξ2(zn−3)

... ... . . . ... ...

ξn−1(−z1) ξn−1(−z2) . . . ξn−1(−zn−1) ξn−1(z0)



(resp., A =



z0 z1 . . . zn−2 zn−1

ξ(z1) ξ(z2) . . . ξ(zn−1) ξ(−z0)

ξ2(z2) ξ2(z3) . . . ξ2(−z0) ξ2(−z1)

... ... . . . ... ...

ξn−1(zn−1) ξn−1(−z0) . . . ξn−1(−zn−3) ξn−1(−zn−2)


)
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for some (z0, z1, . . . , zn−1) ∈ Cn. It is denoted by rncirconj((z0, z1, . . . , zn−1)) (resp.,

lncirconj((z0, z1, . . . , zn−1))).

Such matrices become the classical circulant and negacirculant matrices if ξ is

replaced by the identity map.

Since ξ2 is the identity map, we have

rcirconj((z0, z1, . . . , zn−1)) =





z0 z1 . . . zn−2 zn−1

zn−1 z0 . . . zn−3 zn−2

zn−2 zn−1 . . . zn−4 zn−3

... ... . . . ... ...

z2 z3 . . . z0 z1

z1 z2 . . . zn−1 z0


if n is odd,



z0 z1 . . . zn−2 zn−1

zn−1 z0 . . . zn−3 zn−2

zn−2 zn−1 . . . zn−4 zn−3

... ... . . . ... ...

z2 z3 . . . z0 z1

z1 z2 . . . zn−1 z0


if n is even,
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lncirconj((z0, z1, . . . , zn−1)) =





z0 z1 . . . zn−2 zn−1

z1 z2 . . . zn−1 −z0

z2 z3 . . . −z0 −z1
... ... . . . ... ...

zn−2 zn−1 . . . −zn−4 −zn−3

zn−1 −z0 . . . −zn−3 −zn−2


if n is odd,



z0 z1 . . . zn−2 zn−1

z1 z2 . . . zn−1 −z0

z2 z3 . . . −z0 −z1
... ... . . . ... ...

zn−2 zn−1 . . . −zn−4 −zn−3

zn−1 −z0 . . . −zn−3 −zn−2


if n is even.

Example 2.1. The matrices

rcirconj((1, 1− i, 2, 2 + i)) =



1 1− i 2 2 + i

2− i 1 1 + i 2

2 2 + i 1 1− i

1 + i 2 2− i 1


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and

rncirconj((1, 1− i, 2, 2 + i)) =



1 1− i 2 2 + i

−2 + i 1 1 + i 2

−2 −2− i 1 1− i

−1− i −2 −2 + i 1


are right conjugate-circulant and right conjugate-negacirculant, respectively. Clearly,

they are neither right circulant nor right negacirculant.

Denote by RCirn,rconj(C) := {rcirconj(z) | z ∈ Cn} and RNCirn,rconj(C) :=

{rncirconj(z) | z ∈ Cn} the set of complex n×n right conjugate-circulant matrices

and the set of complex n× n right conjugate-negacirculant matrices, respectively.

Example 2.2. The matrices

lcirconj((1, 1− i, 2, 2 + i)) =



1 1− i 2 2 + i

1 + i 2 2− i 1

2 2 + i 1 1− i

2− i 1 1 + i 2


and

lncirconj((1, 1− i, 2, 2 + i)) =



1 1− i 2 2 + i

1 + i 2 2− i −1

2 2 + i −1 −1 + i

2− i −1 −1− i −2


are left conjugate-circulant and left conjugate-negacirculant, respectively.

Denote by LCirn,rconj(C) := {lcirrconj(z) | z ∈ Cn} and LNCirn,rconj(C) :=

{lncirconj(z) | z ∈ Cn} the set of complex n × n left conjugate-circulant matrices

and the set of complex n× n left conjugate-negacirculant matrices, respectively.
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The set Cirn,rconj(C) := RCirn,rconj(C) ∪ LCirn,rconj(C) is called the set of com-

plex n × n conjugate-circulant matrices and an element in Cirn,rconj(C) is called

a conjugate-circulant matrix over C. The set NCirn,rconj(C) := RNCirn,rconj(C) ∪

LNCirn,rconj(C) is called the set of complex n×n conjugate-negacirculant matrices

and an element in NCirn,rconj(C) is called a conjugate-negacirculant matrix over

C. For convenience, the indices of a matrix [cij]n×n ∈ Mn(C) will be written as

0, 1, 2, . . . , n− 1 and the computations will be done under modulo n.

2.2 Skew Polynomials

Skew polynomials over the complex field are recalled. Proofs of necessary

properties are given. The readers may refer to [2, Chapter 2] for more details.

The set C [x : conj] = {z0 + z1x+ · · ·+ znx
n|zi ∈ C and n ∈ N0} of formal poly-

nomials forms a ring under the usual addition of polynomials and where the mul-

tiplication is defined using the rule xz = zx. The multiplication is extended to all

elements in C [x : conj] by associativity and distributivity. The ring C [x : conj] is

called the skew polynomial ring over C and an element in C [x : conj] is called a

skew polynomial. Clearly, the ring C [x : conj] is non-commutative.

Given a ring R , an additive subgroup I ⊆ R is called a left (resp., right) ideal

of R if ra ∈ I (resp., ar ∈ I) for all r ∈ R and a ∈ I. It is said to be two-sided

ideal if I is both a left ideal and a right ideal.

For each skew polynomial f(x) in C[x : conj], let ⟨f(x)⟩ := {g(x)f(x) | g(x) ∈

C[x : conj]} be the left ideal of C[x : conj] generated by f(x). Note that ⟨f(x)⟩ does

not need to be two-sided. A polynomial f(x) is said to be central if f(x)g(x) =

g(x)f(x) for all g(x) ∈ C[x : conj].

Necessary and sufficient conditions for a left ideal ⟨xn ± 1⟩ to be two-sided are

given as follows.

Proposition 2.3. Let n be a positive integer. Then the following statements are

equivalent:

i) xn ± 1 is central in C[x : conj]
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ii) ⟨xn ± 1⟩ is two-sided.

iii) n is even.

Proof. The statement i) implies ii) is clear.

To prove the statement ii) implies iii), assume that ⟨xn ± 1⟩ is two-sided.

Suppose that n is odd. Let z ∈ C \ R. Then zxn ± z = z (xn ± 1) = (xn ± 1)w =

wxn ± w for some w ∈ C. Comparing the coefficients, we have w = z = w, a

contradiction.

Finally, we prove that the statement iii) implies i). Assume that n is even.

Then

x(xn ± 1) = xn+1 ± x = (xn ± 1)x and (xn ± 1)z = zxn ± z = z(xn ± 1)

for all z ∈ C. Consequently, xn ± 1 commutes with every skew polynomial in

C[x : conj]. �

From Proposition 2.3, it follows that C[x : conj]/ ⟨xn ± 1⟩ is well defined as a

quotient ring if and only if n is even. In this case, the ring C[x : conj]/ ⟨xn ± 1⟩

plays an important role in characterizing the right conjugate-circulant and right

conjugate-negacirculant matrices.



Chapter 3

Group structures of Some

Generalizations of Circulant

Matrices

In this chapter, some properties of right conjugate-circulant matrices, left

conjugate-circulant matrices, righ conjugate-negacirculant matrices and left conju-

gate-negacirculant matrices are discussed. The group structures of some subsets

of such matrices are mentioned.

3.1 Conjugate-Circulant Matrices

In this section, we focus on the group structures of some subsets of conjugate-

circulant matrices.

It is easy to see that (RCirn,conj(C),+) and (LCirn,conj(C),+) are groups for

all n ∈ N. Since Cir1,conj (C) ∼= C, the structure (Cir1,conj(C),+) is a group.

Since Cir2,conj(C) = LCir2,conj(C) and (LCir2,conj(C),+) is a group, the structure

(Cir2,conj(C),+) is a group. If n ≥ 3, then

rcirconj((1, 0, . . . , 0)) + lcirconj((0, . . . , 0, 1)) /∈ RCirn,conj(C)

and

rcirconj((1, 0, . . . , 0)) + lcirconj((0, . . . , 0, 1)) /∈ LCirn,conj(C).

12
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It follows that (Cirn,conj(C),+) is not a group under the usual addition with

n ≥ 3. Next, we focus on invertible matrices in RCirn,rconj(C),LCirn,rconj(C) and

Cirn,rconj(C).

The set R̂Cirn,conj(C) := {A ∈ RCirn,conj(C) | det(A) ̸= 0} is the set of invert-

ible complex n × n right conjugate-circulant matrices. The set L̂Cirn,conj(C) :=

{A ∈ LCirn,conj(C) | det(A) ̸= 0} is the set of invertible complex n×n left conjugate-

circulant matrices. The set Ĉirn,conj(C) := {A ∈ Cirn,conj(C) | det(A) ̸= 0} is the

set of invertible complex n× n conjugate-circulant matrices.

The following relations between left and right conjugate-circulant matrices can

be obtained by the direct calculation.

Lemma 3.1. Let n be an even positive integer. Let z = (z0, z1, z2, . . . , zn−1) ∈ Cn.

Then Hrcirconj(z) = lcirconj(z), where H =

 1 O1

OT
1 Ĩn−1

 ,
Ĩn−1 = adiag (1, 1, . . . , 1)(n−1)×(n−1) is an antidiagonal matrix andO1 = (0, 0, . . . , 0)︸ ︷︷ ︸

n−1 copies

.

Proof. We observe that

Hrcirconj(z) =



1 0 . . . 0 0

0 0 . . . 0 1

0 0 . . . 1 0

... ... . . . ... ...

0 0 . . . 0 0

0 1 . . . 0 0





z0 z1 . . . zn−2 zn−1

zn−1 z0 . . . zn−3 zn−2

zn−2 zn−1 . . . zn−4 zn−3

... ... . . . ... ...

z2 z3 . . . z0 z1

z1 z2 . . . zn−1 z0


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=



z0 z1 . . . zn−2 zn−1

z1 z2 . . . zn−1 z0

z2 z3 . . . z0 z1

... ... . . . ... ...

zn−2 zn−1 . . . zn−4 zn−3

zn−1 z0 . . . zn−3 zn−2



= lcirconj(z).

Hence, Hrcirconj(z) = lcirconj(z). �

Lemma 3.2. Let n be an even positive integer. Let z = (z0, z1, z2, . . . , zn−1) ∈ Cn.

Then rcirconj(z)H = lcirconj(γ) where γ = (z0, zn−1, zn−2, . . . , z2, z1) and

H =

 1 O1

OT
1 Ĩn−1

 .
Proof. We observe that

rcirconj(z)H =



z0 z1 . . . zn−2 zn−1

zn−1 z0 . . . zn−3 zn−2

zn−2 zn−1 . . . zn−4 zn−3

... ... . . . ... ...

z2 z3 . . . z0 z1

z1 z2 . . . zn−1 z0





1 0 . . . 0 0

0 0 . . . 0 1

0 0 . . . 1 0

... ... . . . ... ...

0 0 . . . 0 0

0 1 . . . 0 0


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=



z0 zn−1 . . . z2 z1

zn−1 zn−2 . . . z1 z0

zn−2 zn−3 . . . z0 zn−1

... ... . . . ... ...

z2 z1 . . . z4 z3

z1 z0 . . . z3 z2



= lcirconj(γ).

Hence, rcirconj(z)H = lcirconj(γ). �

Next, we focus on the multiplicative group structures of R̂Cirn,conj(C), L̂Cirn,conj(C)

and Ĉirn,conj(C).

A necessary and sufficient condition for the set R̂Cirn,conj(C) of n×n invertible

complex right conjugate-circulant matrices to be a group under the usual matrix

multiplication is given in the next theorem.

Theorem 3.3. Let n be a positive integer. Then R̂Cirn,conj(C) forms a group

under the usual matrix multiplication if and only if n = 1 or n is even.

Proof. Suppose n ̸= 1 and n is odd. Let a = (2i, i, 1, 0, . . . , 0). Then rcirconj(a)

is invertible since det(rcirconj(a)) = (2n + 1)i ̸= 0. Let

[cij]n×n := (rcirconj(a))
2 .

Then

cn−2,n−1 = 0 + · · ·+ 0 + (−2) + 2

= 0

= 0

̸= −4

= −2 + 0 + · · ·+ 0 + (−2)

= cn−1,0.
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Hence, (rcirconj(a))2 /∈ R̂Cirn,conj(C). Therefore, R̂Cirn,conj(C) is not a subgroup of

GLn(C). It follows that R̂Cirn,conj(C) is not a group under the usual multiplication

of matrices.

Conversely, assume that n = 1 or n is even. If n = 1, then R̂Cirn,conj (C) ∼=

C \ {0} ∼= GLn(C) is a group. Next, we consider the case where n is even.

Let rcirconj((a0, a1, . . . , an−1)) and rcirconj((b0, b1, . . . , bn−1)) be elements in

R̂Cirn,conj (C) . Let [cij]n×n := rcirconj((a0, a1, . . . , an−1))rcirconj((b0, b1, . . . , bn−1)).

Then, for each 0 ≤ i, j ≤ n− 1, we have

cij =

 [an−i an−i+1 . . . an−i−1]
[
bj bj−1 bj − 2 . . . bj+1

]T if i is even,

[an−i an−i+1 . . . an−i−1]
[
bj bj−1 bj − 2 . . . bj+1

]T if i is odd.

Precisely, for each 0 ≤ i, j ≤ n− 1, cij is of the form

cij =

n−2
2∑

k=0

an−i+2kbj−2k +

n−2
2∑

k=0

an−i+(2k+1)bj−(2k+1)

=

n−2
2∑

k=0

an−i+2kbj−2k +

n−2
2∑

k=0

an−i+(2k+1)bj−(2k+1)

=

n−2
2∑

k=0

an−i+(2k+1)bj−(2k+1) +

n−2
2∑

k=0

an−i+2kbj−2k

= ci+1,j+1

if i is even, and

cij =

n−2
2∑

k=0

an−i+2kbj−2k +

n−2
2∑

k=0

an−i+(2k+1)bj−(2k+1)

=

n−2
2∑

k=0

an−i+2kbj−2k +

n−2
2∑

k=0

an−i+(2k+1)bj−(2k+1)

=

n−2
2∑

k=0

an−i+(2k+1)bj−(2k+1) +

n−2
2∑

k=0

an−i+2kbj−2k

= ci+1,j+1

if i is odd. It follows that

rcirconj((a0, a1, . . . , an−1))rcirconj((b0, b1, . . . , bn−1)) ∈ R̂Cirn,conj (C) .
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Let a = (a0, a1, . . . , an−1) be an element in Cn such that

A := (rcirconj(a)) ∈ R̂Cirn,conj (C) .

Then there exists a unique B = [bij]n×n in GLn(C) such that AB = In. We will

show that B ∈ R̂Cirn,conj (C) . Note that

A [b0,0 b1,0 . . . bn−1,0]
T = [1 0 . . . 0]T .

From the equation above, we have the following system of equations.

a0b0,0 + a1b1,0 + a2b2,0 + · · ·+ an−1bn−1,0 = 1,

an−1b0,0 + a0b1,0 + a1b2,0 + · · ·+ an−2bn−1,0 = 0,

an−2b0,0 + an−1b1,0 + a0b2,0 + · · ·+ an−3bn−1,0 = 0,

...

a1b0,0 + a2b1,0 + a3b2,0 + · · ·+ a0bn−1,0 = 0.

Move the last equation to the top and apply the conjugation to all equations, we

conclude that

a0bn−1,0 + a1b0,0 + a2b1,0 + · · ·+ an−1bn−2,0 = 0,

an−1bn−1,0 + a0b0,0 + a1b1,0 + · · ·+ an−2bn−2,0 = 1,

an−2bn−1,0 + an−1b0,0 + a0b1,0 + · · ·+ an−3bn−2,0 = 0,

...

a1bn−1,0 + a2b0,0 + a3b1,0 + · · ·+ a0bn−2,0 = 0.

Hence,

A
[
bn−1,0 b0,0 . . . bn−2,0

]T
= [0 1 0 . . . 0]T .

Continue this process, we have

A−1 = B = rcirconj((b0,0, bn−1,0, . . . , b2,0, b1,0)) ∈ R̂Cirn,conj (C) .

Therefore, R̂Cirn,conj (C) is a subgroup of GLn(C) as desired. �

A necessary and sufficient condition for the set L̂Cirn,conj(C) of n×n invertible

complex left conjugate-circulant matrices to be a group under the usual matrix

multiplication is given in the next theorem.
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Theorem 3.4. Let n be a positive integer. Then L̂Cirn,conj(C) forms a group

under the usual matrix multiplication if and only if n = 1 or n = 2.

Proof. Assume that n ̸= 1 and n ̸= 2. If n is odd, we consider the following

2 cases.

Case 1: n = 3. Let a = (i, i, 1). Then lcirconj(a) ∈ L̂Cirn,conj(C) since det(lcirconj(a))

= −2i ̸= 0. It follows that

(lcirconj(a))
2 =


1 −1 + 2i 1 + 2i

1− 2i 3 1− 2i

1 + 2i −1 + 2i 1


/∈ L̂Cirn,conj(C).

Case 2 : n ≥ 5. Let a = (0, . . . , 0, i, 2i). Then lcirconj(a) ∈ L̂Cirn,conj(C) since

det(lcirconj(a)) = (2n + 1)i ̸= 0. Let

[cij]n×n := (lcirconj(a))
2 .

Then

cn−2,0 = 0 + · · ·+ 0

= 0

= 0

̸= −5

= (−4) + 0 + · · ·+ 0 + (−1)

= cn−1,n−1.

Hence, (lcirconj(a))
2 /∈ L̂Cirn,conj(C). Therefore, L̂Cirn,conj(C) is not a subgroup of

GLn(C). It follows that L̂Cirn,conj(C) is not a group under the usual multiplication

of matrices.

Next, we consider the case when n is even. Let a = (0, . . . , 0, i, 2i). Then

lcirconj(a) ∈ L̂Cirn,conj(C) because det(lcirconj(a)) = −2n+1 + 1 ̸= 0. Let

[cij]n×n := (lcirconj(a))
2 .
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Then

cn−2,0 = 0 + · · ·+ 0

= 0

= 0

̸= 3

= 4 + 0 + · · ·+ 0 + (−1)

= cn−1,n−1.

Hence, (lcirconj(a))
2 /∈ L̂Cirn,conj(C). Therefore, L̂Cirn,conj(C) is not a subgroup of

GLn(C). It follows that L̂Cirn,conj(C) is not a group under the usual multiplication

of matrices.

Conversely, assume that n = 1 or n = 2. We consider 2 cases the following.

Case 1 : n = 1. Then L̂Cirn,conj(C) ∼= C \ {0} ∼= GLn(C) is a group.

Case 2 : n = 2. Then L̂Cirn,conj (C) = R̂Cirn,conj (C) is a group by Theorem 3.3.

From Cases 1 and 2, the set L̂Cirn,conj(C) forms a group under the usual matrix

multiplication. �

A necessary and sufficient condition for the set Ĉirn,conj(C) of n × n invert-

ible complex conjugate-circulant matrices to be a group under the usual matrix

multiplication is given in the next theorem.

Theorem 3.5. Let n be a positive integer. Then the set Ĉirn,conj(C) forms a group

under the usual matrix multiplication if and only if n = 1 or n is even.

Proof. Suppose n ̸= 1 and n is odd. Then we consider the following 2 cases.

Case 1 : n = 3. Let a = (i, i, 1). Then lcirconj(a) ∈ L̂Cirn,conj(C) ⊆ Ĉirn,conj(C)

because det(lcirconj(a)) = −2i ̸= 0. It follows that

(lcirconj(a))
2 =


1 −1 + 2i 1 + 2i

1− 2i 3 1− 2i

1 + 2i −1 + 2i 1


/∈ L̂Cirn,conj(C).
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and

(lcirconj(a))
2 =


1 −1 + 2i 1 + 2i

1− 2i 3 1− 2i

1 + 2i −1 + 2i 1


/∈ R̂Cirn,conj(C).

Hence, (lcirconj(a))
2 /∈ R̂Cirn,conj(C) ∪ L̂Cirn,conj(C) = Ĉirn,conj(C).

Case 2 : n ≥ 5. Let a = (0, . . . , 0, i, 2i). Then lcirconj(a) ∈ L̂Cirn,conj(C) ⊆

Ĉirn,conj(C) because det(lcirconj(a)) = (2n + 1)i ̸= 0. Let

[cij]n×n := (lcirconj(a))
2 .

Since

cn−2,0 = 0 + · · ·+ 0

= 0

= 0

̸= −5

= (−4) + 0 + · · ·+ 0 + (−1)

= cn−1,n−1,

(lcirconj(a))
2 /∈ L̂Cirn,conj(C).

Since

cn−2,n−1 = 2 + 0 + · · ·+ 0

= 2

= 2

̸= −2

= 0 + · · ·+ 0 + (−2)

= cn−1,0,

(lcirconj(a))
2 /∈ R̂Cirn,conj(C). Therefore, (lcirconj(a))

2 /∈ Ĉirn,conj(C).

From Cases 1 and 2, Ĉirn,conj(C) is not a subgroup of GLn(C). It follows that

Ĉirn,conj(C) is not a group under the usual multiplication of matrices.
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Conversely, assume that n = 1 or n is even. If n = 1, then Ĉirn,conj(C) ∼=

C \ {0} ∼= GLn(C) is a group. Next, we consider the case where n is even.

Let a = (a0, a1, . . . , an−1) and b = (b0, b1, . . . , bn−1) be elements in Cn. Then

we consider the following 4 cases.

Case 1: rcirconj(a) and rcirconj(b) are elements in R̂Cirn,conj(C).

By Theorem 3.3, rcirconj(a)rcirconj(b) ∈ R̂Cirn,conj(C) ⊆ Ĉirn,conj(C).

Case 2: rcirconj(a) ∈ R̂Cirn,conj(C) and lcirconj(b) ∈ L̂Cirn,conj(C).

By Lemma 3.2, lcirconj(b) = rcirconj(c)H for some c ∈ Cn. We have that

rcirconj(a)lcirconj(b) = (rcirconj(a))(rcirconj(c)H)

= (rcirconj(a)rcirconj(c))H ∈ L̂Cirn,conj(C) ⊆ Ĉirn,conj(C).

Case 3: lcirconj(a) ∈ L̂Cirn,conj(C) and rcirconj(b) ∈ R̂Cirn,conj(C).

By Lemma 3.1, lcirconj(a) = Hrcirconj(a). We have that

lcirconj(a)rcirconj(b) = (Hrcirconj(a))(rcirconj(b))

= H(rcirconj(a)rcirconj(b)) ∈ L̂Cirn,conj(C) ⊆ Ĉirn,conj(C).

Case 4: lcirconj(a) and lcirconj(b) be elements in L̂Cirn,conj(C).

By Lemmas 3.2 and 3.1, lcirconj(a) = rcirconj(c)H for some c ∈ Cn and

lcirconj(b) = Hrcirconj(b). It follows that

lcirconj(a)lcirconj(b) = (rcirconj(c)H)(Hrcirconj(b))

= rcirconj(c)H
2rcirconj(b)

= rcirconj(c)Inrcirconj(b)

= rcirconj(c)rcirconj(b).

By Theorem 3.3, lcirconj(a)lcirconj(b) ∈ R̂Cirn,conj(C) ⊆ Ĉirn,conj(C).

From Cases 1–4, Ĉirn,conj(C) is closed under multiplication.

Next, let A be an element in Ĉirn,conj(C). Then we consider the following 2

cases.

Case 1: A ∈ R̂Cirn,conj(C). Then by Theorem 3.3, A−1 ∈ R̂Cirn,conj(C) ⊆ Ĉirn,conj(C).

Case 2: A ∈ L̂Cirn,conj(C). Then by Lemma 3.1, A = Hrcirconj(c) for some c ∈ Cn.
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We have that

A−1 = (Hrcirconj(c))
−1

= (rcirconj(c))
−1H−1

= (rcirconj(c))
−1H ( since H2 = In)

∈ L̂Cirn,conj(C) ( since (rcirconj(c))
−1 ∈ R̂Cirn,conj(C)).

Hence, A−1 ∈ L̂Cirn,conj(C) ⊆ Ĉirn,conj(C).

From Cases 1 and 2, A−1 is an element in Ĉirn,conj(C). It follows that the set

Ĉirn,conj(C) forms a group under the usual matrix multiplication. �

3.2 Conjugate-Negacirculant Matrices

In this section, we focus on the group structures of some subsets of conjugate-

negacirculant matrices.

It is easy to see that (RNCirn,rconj(C),+) and (LNCirn,rconj(C),+) are groups

for all n ∈ N. Since NCir1,conj (C) ∼= C, the structure (NCir1,conj(C),+) is a group.

Since

rncirconj((1, 0)) + lncirconj((0, 1)) /∈ RNCir2,conj(C)

and

rncirconj((1, 0)) + lncirconj((0, 1)) /∈ LNCir2,conj(C),

we have that (NCir2,conj(C),+) is not a group under the usual addition. If n ≥ 3,

then

rncirconj((1, 0, . . . , 0)) + lncirconj((0, . . . , 0, 1)) /∈ RNCirn,conj(C)

and

rncirconj((1, 0, . . . , 0)) + lncirconj((0, . . . , 0, 1)) /∈ LNCirn,conj(C)

It follows that (NCirn,conj(C),+) is not a group under the usual addition with

n ≥ 2. Next, we focus on invertible matrices in RNCirn,rconj(C),LNCirn,rconj(C)

and NCirn,rconj(C).

The set R̂NCirn,conj(C) := {A ∈ RNCirn,conj(C) | det(A) ̸= 0} is the set of in-

vertible complex n×n right conjugate-negacirculant matrices. The set L̂NCirn,conj(C)
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= {A ∈ LNCirn,conj(C) | det(A) ̸= 0} is the set of invertible complex n × n left

conjugate-negacirculant matrices. The set N̂Cirn,conj(C) = {A ∈ NCirn,conj(C) |

det(A) ̸= 0} is the set of invertible complex n×n conjugate-negacirculant matrices.

The following relations between left and right conjugate-negacirculant matrices

can be obtained by the direct calculation.

Lemma 3.6. Let n be an even positive integer. Let z = (z0, z1, z2, . . . , zn−1) ∈ Cn.

Then Hrncirconj(z) = lncirconj(z) where H =

 1 O1

OT
1 −Ĩn−1

 .
Proof. We observe that

Hrncirconj(z) =



1 0 . . . 0 0

0 0 . . . 0 −1

0 0 . . . −1 0

... ... . . . ... ...

0 0 . . . 0 0

0 −1 . . . 0 0





z0 z1 . . . zn−2 zn−1

−zn−1 z0 . . . zn−3 zn−2

−zn−2 −zn−1 . . . zn−4 zn−3

... ... . . . ... ...

−z2 −z3 . . . z0 z1

−z1 −z2 . . . −zn−1 z0



=



z0 z1 . . . zn−2 zn−1

z1 z2 . . . zn−1 −z0

z2 z3 . . . −z0 −z1

... ... . . . ... ...

zn−2 zn−1 . . . −zn−4 −zn−3

zn−1 −z0 . . . −zn−3 −zn−2



= lncirconj(z).

Hence, Hrncirconj(z) = lncirconj(z). �



24

Lemma 3.7. Let n be an even positive integer. Let z = (z0, z1, z2, . . . , zn−1) ∈ Cn.

Then rncirconj(z)H = lncirconj(γ) where γ = (z0,−zn−1,−zn−2, . . . ,−z2,−z1) and

H =

 1 O1

OT
1 −Ĩn−1

 .
Proof. It can be seen that

rncirconj(z)H =



z0 z1 . . . zn−2 zn−1

−zn−1 z0 . . . zn−3 zn−2

−zn−2 −zn−1 . . . zn−4 zn−3

... ... . . . ... ...

−z2 −z3 . . . z0 z1

−z1 −z2 . . . −zn−1 z0





1 0 . . . 0 0

0 0 . . . 0 −1

0 0 . . . −1 0

... ... . . . ... ...

0 0 . . . 0 0

0 −1 . . . 0 0



=



z0 −zn−1 . . . −z2 −z1

−zn−1 −zn−2 . . . −z1 −z0

−zn−2 −zn−3 . . . −z0 zn−1

... ... . . . ... ...

−z2 −z1 . . . z4 z3

−z1 −z0 . . . z3 z2



= lncirconj(γ).

Hence, rncirconj(z)H = lncirconj(γ). �

Next, we focus on the multiplicative group structures of R̂NCirn,conj(C),

L̂NCirn,conj(C) and N̂Cirn,conj(C)

A necessary and sufficient condition for the set R̂NCirn,conj(C) of n×n invertible

complex right conjugate-negacirculant matrices to be a group under the usual

matrix multiplication is given in the next theorem.
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Theorem 3.8. Let n be a positive integer. Then R̂NCirn,conj(C) forms a group

under the usual matrix multiplication if and only if n = 1 or n is even.

Proof. Suppose n ̸= 1 and n is odd. Let a = (2i, i, 0, . . . , 0). Then rncirconj(a)

is invertible since det(rncirconj(a)) = (2n − 1)i ̸= 0. Let

[cij]n×n := (rncirconj(a))
2 .

Then

−cn−2,n−1 = −(0 + · · ·+ 0 + (−2) + 2)

= −0

= 0

̸= 4

= 2 + 0 + · · ·+ 0 + 2

= cn−1,0.

Hence, (rncirconj(a))
2 /∈ R̂NCirn,conj(C). Therefore, R̂NCirn,conj(C) is not a sub-

group of GLn(C). It follows that R̂NCirn,conj(C) is not a group under the usual

multiplication of matrices.

Conversely, assume that n = 1 or n is even. If n = 1, then R̂NCirn,conj (C) ∼=

C \ {0} ∼= GLn(C) is a group. Next, we consider the case where n is even.

Let a = (a0, a1, . . . , an−1), b = (b0, b1, . . . , bn−1) ∈ Cn be such that rncirconj(a)

and rncirconj(b) are in R̂NCirn,conj(C). Let [cij]n×n := rncirconj(a)rncir(b). There-

fore, we need to show that

i) cij = ci+1,j+1 for all 0 ≤ i ≤ n− 3 and i ≤ j ≤ n− 3,

ii) −ci,n−1 = ci+1,0 0 ≤ i ≤ n− 2,

iii) cij = ci+1,j+1 for all 1 ≤ i ≤ n− 2 and 0 ≤ j ≤ i− 1.
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From Cases 1 and 2, rncirconj(a)rncirconj(b) ∈ R̂NCirn,conj (C) .

Let a = (a0, a1, . . . , an−1) be an element in Cn be such that

A := (rncirconj(a)) ∈ R̂NCirn,conj (C) .

Then there exists a unique B = [bij]n×n in GLn(C) such that AB = In. We will

show that B ∈ R̂NCirn,conj (C) . Note that

A [b0,0 b1,0 . . . bn−1,0]
T = [1 0 . . . 0]T .

From the equation above, we have the following system of equations.

a0b0,0 + a1b1,0 + a2b2,0 + · · ·+ an−1bn−1,0 = 1,

−an−1b0,0 + a0b1,0 + a1b2,0 + · · ·+ an−2bn−1,0 = 0,

−an−2b0,0 − an−1b1,0 + a0b2,0 + · · ·+ an−3bn−1,0 = 0,

...

−a1b0,0 − a2b1,0 − a3b2,0 − · · ·+ a0bn−1,0 = 0.

Multiply the last eqution with −1 and move it to the top and take the conjugate

to every equation, we have

−a0bn−1,0 + a1b0,0 + a2b1,0 + · · ·+ an−1bn−2,0 = 0,

an−1bn−1,0 + a0b0,0 + a1b1,0 + · · ·+ an−2bn−2,0 = 1,

an−2bn−1,0 − an−1b0,0 + a0b1,0 + · · ·+ an−3bn−2,0 = 0,

...

a1bn−1,0 − a2b0,0 − a3b1,0 − · · ·+ a0bn−2,0 = 0.

Hence,

A
[
−bn−1,0 b0,0 . . . bn−2,0

]T
= [0 1 0 . . . 0]T .

Continue this process, we have

A−1 = B = rncirconj((b0,0,−bn−1,0,−bn−2,0, . . . ,−b2,0,−b1,0)) ∈ R̂NCirn,conj (C) .

Therefore, R̂NCirn,conj (C) is a subgroup of GLn(C) as desired. �
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A necessary and sufficient condition for the set L̂NCirn,conj (C) of n×n invertible

complex left conjugate-negacirculant matrices to be a group under the usual matrix

multiplication is given in the next theorem.

Theorem 3.9. Let n be a positive integer. Then L̂NCirn,conj (C) forms a group

under the usual matrix multiplication if and only if n = 1.

Proof. Assume that n ̸= 1. If n is odd, we consider 2 cases.

Case 1: n = 3. Let a = (i, i, 1). Then lncirconj(a) ∈ L̂NCirn,conj (C) since

det(lncirconj(a)) = −2 ̸= 0. It follows that

(lncirconj(a))
2 =


1 −1 −1

1 3 1

−1 −1 1


/∈ L̂NCirn,conj(C).

Case 2 : n ≥ 5. Let a = (0, . . . , 0, i, 2i). Then lncirconj(a) ∈ L̂NCirn,conj (C) since

det(lncirconj(a)) = (2n − 1)i ̸= 0. Let

[cij]n×n := (lncirconj(a))
2 .

Then

−cn−2,0 = −(0 + · · ·+ 0)

= −0

= 0

̸= −5

= (−4) + 0 + · · ·+ (−1)

= cn−1,n−1.

Hence, (lncirconj(a))
2 /∈ L̂NCirn,conj(C). Therefore, L̂NCirn,conj(C) is not a sub-

group of GLn(C). It follows that L̂NCirn,conj(C) is not a group under the usual

multiplication of matrices.
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Next, we consider the case when n is even. Then we have 2 cases to consider.

Case 1: n = 2. Let a = (1 − i, 1). Then lncirconj(a) ∈ L̂NCirn,conj (C) because

det(lncirconj(a)) = −3 ̸= 0. It follows that

(lncirconj(a))
2 =

−2i −2i

−2i 2i

 /∈ L̂NCirn,conj (C) .

Case 2: n ≥ 4. Let a = (0, . . . , 0, i, 2i). Then lncirconj(a) ∈ L̂NCirn,conj (C) because

det(lncirconj(a)) = −(2n + 1)i ̸= 0. Let

[cij]n×n := (lncirconj(a))
2 .

Then

−cn−2,0 = −(0 + · · ·+ 0)

= −0

= 0

̸= 3

= 4 + 0 + · · ·+ 0 + (−1)

= cn−1,n−1.

Hence, (lncirconj(a))
2 /∈ L̂NCirn,conj(C). Therefore, L̂NCirn,conj(C) is not a sub-

group of GLn(C). It follows that L̂NCirn,conj(C) is not a group under the usual

multiplication of matrices.

Conversely, assume that n = 1. Then

L̂NCirn,conj(C) ∼= C \ {0} ∼= GLn(C)

is a group under the usual matrix multiplication. �

A necessary and sufficient condition for the set N̂Cirn,conj(C) of n×n invertible

complex conjugate-negacirculant matrices to be a group under the usual matrix

multiplication is given in the next theorem.
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Theorem 3.10. Let n be a positive integer. Then the set N̂Cirn,conj(C) forms a

group under the usual matrix multiplication if and only if n = 1 or n is even.

Proof. Suppose n ̸= 1 and n is odd. Then we consider the following 2 cases.

Case 1 : n = 3. Let a = (i, i, 1). Then lncirconj(a) ∈ L̂NCirn,conj(C) ⊆ N̂Cirn,conj(C)

because det(lncirconj(a)) = −2 ̸= 0. It follows that

(lncirconj(a))
2 =


1 −1 −1

1 3 1

−1 −1 1


/∈ L̂NCirn,conj(C).

and

(lncirconj(a))
2 =


1 −1 −1

1 3 1

−1 −1 1


/∈ R̂NCirn,conj(C).

Hence, (lncirconj(a))
2 /∈ R̂NCirn,conj(C) ∪ L̂NCirn,conj(C) = N̂Cirn,conj(C).

Case 2 : n ≥ 5. Let a = (0, . . . , 0, i, 2i). Then lncirconj(a) ∈ L̂NCirn,conj(C) ⊆

N̂Cirn,conj(C) because det(lncirconj(a)) = (2n − 1)i ̸= 0. Let

[cij]n×n := (lncirconj(a))
2 .

Since

−cn−2,0 = −(0 + · · ·+ 0)

= −0

= 0

̸= −5

= (−4) + 0 + · · ·+ 0 + (−1)

= cn−1,n−1,
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(lncirconj(a))
2 /∈ L̂NCirn,conj(C).

Since

−cn−2,n−1 = −(2 + 0 + · · ·+ 0)

= −2

= −2

̸= 2

= 0 + · · ·+ 0 + 2

= cn−1,0,

(lncirconj(a))
2 /∈ R̂NCirn,conj(C). Therefore, (lncirconj(a))

2 /∈ N̂Cirn,conj(C).

From Cases 1 and 2, N̂Cirn,conj(C) is not a subgroup of GLn(C). It follows that

N̂Cirn,conj(C) is not a group under the usual multiplication of matrices.

Conversely, assume that n = 1 or n is even. If n = 1, then N̂Cirn,conj (C) ∼=

C \ {0} ∼= GLn(C) is a group. Next, we consider the case where n is even.

Let a = (a0, a1, . . . , an−1) and b = (b0, b1, . . . , bn−1) be elements in Cn. Then we

consider the following 4 cases.

Case 1: rncirconj(a) and rncirconj(b) are elements in R̂NCirn,conj(C).

By Theorem 3.8, rncirconj(a)rncirconj(b) ∈ R̂NCirn,conj(C) ⊆ N̂Cirn,conj(C).

Case 2: rncirconj(a) ∈ R̂NCirn,conj(C) and lncirconj(b) ∈ L̂NCirn,conj(C).

By Lemma 3.7, lncirconj(b) = rncirconj(c)H for some c ∈ Cn. We have that

rncirconj(a)lncirconj(b) = (rncirconj(a))(rncirconj(c)H)

= (rncirconj(a)rncirconj(c))H ∈ L̂NCirn,conj(C) ⊆ N̂Cirn,conj(C).

Case 3: lncirconj(a) ∈ L̂NCirn,conj(C) and rncirconj(b) ∈ R̂NCirn,conj(C).

By Lemma 3.6, lncirconj(a) = Hrncirconj(a). We have that

lncirconj(a)rncirconj(b) = (Hrncirconj(a))(rncirconj(b))

= H(rncirconj(a)rncirconj(b)) ∈ L̂NCirn,conj(C) ⊆ N̂Cirn,conj(C).

Case 4: lncirconj(a) and lncirconj(b) be elements in L̂NCirn,conj(C).

By Lemmas 3.7 and 3.6, lncirconj(a) = rncirconj(c)H for some c ∈ Cn and
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lncirconj(b) = Hrncirconj(b). It follows that

lncirconj(a)lncirconj(b) = (rncirconj(c)H)(Hrncirconj(b))

= rncirconj(c)H
2rncirconj(b)

= rncirconj(c)Inrncirconj(b)

= rncirconj(c)rncirconj(b).

By Theorem 3.8, lncirconj(a)lncirconj(b) ∈ R̂NCirn,conj(C) ⊆ N̂Cirn,conj(C).

From Cases 1–4, N̂Cirn,conj(C) is closed under multiplication.

Next, let A be an element in N̂Cirn,conj(C). Then we consider the following 2

cases.

Case 1: A ∈ R̂NCirn,conj(C). Then by Theorem 3.8, A−1 ∈ R̂NCirn,conj(C) ⊆

N̂Cirn,conj(C).

Case 2: A ∈ L̂NCirn,conj(C). Then by Lemma 3.6, A = Hrncirconj(c) for some

c ∈ Cn. We have that

A−1 = (Hrncirconj(c))
−1

= (rncirconj(c))
−1H−1

= (rncirconj(c))
−1H ( since H2 = In)

∈ L̂NCirn,conj(C) ( since (rncirconj(c))
−1 ∈ R̂NCirn,conj(C)).

Hence, A−1 ∈ L̂NCirn,conj(C) ⊆ N̂Cirn,conj(C).

From Cases 1 and 2, A−1 is an element in N̂Cirn,conj(C). It follows that the set

N̂Cirn,conj(C) forms a group under the usual matrix multiplication. �



Chapter 4

Characterizations

4.1 Characterization of Right Conjugate-Circulant

Matrices

From Section 3.1, LCirn,conj(C) is not a group under the usual multiplication of

matrices and Cirn,conj(C) is not a group under the usual addition of matrices with

n ≥ 3. It follows that LCirn,conj(C) and Cirn,conj(C) can not be rings. To study the

ring structures of such matrices, it is therefore sufficient to consider RCirn,conj (C).

In this section, the algebraic structure of RCirn,conj (C) is studied. The char-

acterization of RCirn,conj (C) is given in terms of skew polynomials.

Proposition 4.1. Let n be a positive integer. Then RCirn,conj (C) is a vector space

over C under the usual addition and the scalar multiplication defined by

a · rcirconj ((z0, z1, . . . , zn−1)) := rcirconj ((a, 0, . . . , 0)) rcirconj ((z0, z1, . . . , zn−1))

for all a ∈ C and (z0, z1, . . . , zn−1) ∈ Cn.

Proof. Clearly, the sum of two right conjugate-circulant matrices is a right

conjugate-circulant. Since

rcirconj ((a, 0, . . . , 0)) rcirconj ((z0, z1, . . . , zn−1)) = rcirconj((az0, az1, . . . , azn−1))

for all a ∈ C and (z0, z1, . . . , zn−1) ∈ Cn, the proposition follows. �

35
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Corollary 4.2. Let n be a positive integer. Then RCirn,conj (C) is a vector space

over R under the usual addition and the scalar multiplication.

Proof. Note that rcirconj ((a, 0, . . . , 0)) = aIn for all a ∈ R. By Proposition

4.1, the result follows. �

A necessary and sufficient condition for RCirn,conj (C) to be a ring is given in

the next theorem.

Theorem 4.3. Let n be a positive integer. Then RCirn,conj (C) is a subring of

Mn(C) if and only if n = 1 or n is even.

Proof. Suppose n ̸= 1 and n is odd. Let a ∈ C be such that a ̸= a and let

[cij]n×n := rcirconj ((a, a, . . . , a)) rcirconj ((a, a, . . . , a)) .

Then

c0,0 =

n+1
2∑

i=1

a2 +

n−1
2∑

i=1

a · a

=

(
n+ 1

2

)
a2 +

(
n− 1

2

)
a · a

̸=
(
n+ 1

2

)
a · a+

(
n− 1

2

)
a2

=

n+1
2∑

i=1

a · a+
n−1
2∑

i=1

a2

= c1,1.

Hence, rcirconj((a, a, . . . , a))rcirconj((a, a, . . . , a)) /∈ RCirn,conj (C) . Therefore,

RCirn,conj (C) is not a subring of Mn (C) .

Conversely, assume that n = 1 or n is even. If n = 1, then RCirn,conj (C) =

C =Mn (C) is a ring. Next, we consider the case where n is even. Let

rcirconj((a0, a1, . . . , an−1)) and rcirconj((b0, b1, . . . , bn−1)) be elements in RCirn,conj (C) .

Then

rcirconj((a0, a1, . . . , an−1))− rcirconj((b0, b1, . . . , bn−1))
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= rcirconj((a0− b0, a1− b1, . . . , an−1− bn−1)) ∈ RCirn,conj(C).

Using the arguments similar to those in the proof of Theorem 3.3,

rcirconj((a0, a1, . . . , an−1))rcirconj((b0, b1, . . . , bn−1)) ∈ RCirn,conj (C) .

Therefore, RCirn,conj (C) is a subring of Mn (C) as desired. �

In the case where n is even, there is a direct link between the ring RCirn,conj (C)

and the quotient ring of skew polynomials C[x, conj]/ ⟨xn − 1⟩ .

Theorem 4.4. Let n be an even positive integer. Then RCirn,conj (C) is isomorphic

to C[x, conj]/ ⟨xn − 1⟩ as rings.

Proof. Let T : RCirn,conj (C) → C[x, conj]/ ⟨xn − 1⟩ be defined by

T (rcirconj((z0, z1, . . . , zn−1))) =
n−1∑
i=0

zix
i + ⟨xn − 1⟩ .

Let z = (z0, z1, . . . , zn−1) and w = (w0, w1, . . . , wn−1) be vectors in Cn . Then

T (rcirconj(z) + rcirconj(w)) = T (rcirconj((z0 + w0, z1 + w1, . . . , zn−1 + wn−1)))

=
n−1∑
i=0

(zi + wi)x
i + ⟨xn − 1⟩

=
n−1∑
i=0

(zix
i + wix

i) + ⟨xn − 1⟩

=

(
n−1∑
i=0

zix
i + ⟨xn − 1⟩

)
+

(
n−1∑
i=0

wix
i + ⟨xn − 1⟩

)
= T (rcirconj(z)) + T (rcirconj(w)) .

Let [cij]n×n = rcirconj(z)rcirconj(w). By Theorem 4.3, we have [cij]n×n ∈ RCirn,conj (C)

and hence,

T (rcirconj(z)rcirconj(w)) = T
(
[cij]n×n

)
= T (rcirconj(c0,0, c0,1, . . . , c0,n−1))

=
n−1∑
i=0

c0,ix
i + ⟨xn − 1⟩
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=
n−1∑
i=0

 n−2
2∑

i=0

z2kwi−2k +

n−2
2∑

i=0

z2k+1wi−(2k+1)

xi + ⟨xn − 1⟩

=
n−1∑
i=0

 ∑
i=2j+k

z2jwk +
∑

i=(2j+1)+k

z2j+1wk

 xi + ⟨xn − 1⟩

=
n−1∑
i=0

∑
i=j+k(mod n)

(
zjx

jwkx
k
)
+ ⟨xn − 1⟩

=

(
n−1∑
k=0

zkx
k + ⟨xn − 1⟩

)(
n−1∑
k=0

wkx
k + ⟨xn − 1⟩

)
= T (rcirconj(z))T (rcirconj(w)) .

Then T is a ring homomorphism.

To show that T is injective, let rcirconj((z0, z1, . . . , zn−1)) ∈ ker(T ). Then
n−1∑
i=0

zix
i + ⟨xn − 1⟩ = T (rcirconj((z0, z1, . . . , zn−1))) = ⟨xn − 1⟩ .

It follows that
n−1∑
i=0

zix
i ∈ ⟨xn − 1⟩ . Since deg

(
n−1∑
i=0

zix
i

)
≤ n− 1, we have zi = 0

for all i = 0, 1, . . . , n− 1. Hence, ker(T ) = ⟨xn − 1⟩ and T is injective.

For each f(x)+⟨xn − 1⟩ ∈ C[x, conj]/ ⟨xn − 1⟩, there exists
n−1∑
i=0

zix
i ∈ C[x, conj]

such that

f(x) + ⟨xn − 1⟩ =
n−1∑
i=0

zix
i + ⟨xn − 1⟩

by the division algorithm. Then

T (rcirconj((z0, z1, . . . , zn−1))) =
n−1∑
i=0

zix
i + ⟨xn − 1⟩ = f(x) + ⟨xn − 1⟩ .

Hence, T is surjective. Therefore, T is a ring isomorphism and RCirn,conj(C) is

isomorphic to C[x, conj]/ ⟨xn − 1⟩ as rings. �

4.2 Characterization of Right Conjugate-

Negacirculant Matrices

From Section 3.2, LNCirn,conj(C) is not a group under the usual multiplication

of matrices and NCirn,conj(C) is not a group under the usual addition of matrices
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with n ≥ 2. It follows that LNCirn,conj(C) and NCirn,conj(C) can not be rings.

To study the ring structures of such matrices, it is therefore sufficient to consider

RNCirn,conj (C).

In this section, the algebraic structure of RNCirn,conj (C) is studied. The char-

acterization of RNCirn,conj (C) is given in terms of skew polynomials.

Proposition 4.5. Let n be a positive integer. Then RNCirn,conj (C) is a vector

space over C under the usual addition and the scalar multiplication defined by

a · rncirconj ((z0, z1, . . . , zn−1)) := rncirconj ((a, 0, . . . , 0)) rncirconj ((z0, z1, . . . , zn−1))

for all a ∈ C and (z0, z1, . . . , zn−1) ∈ Cn.

Proof. Clearly, the sum of two right conjugate-negacirculant matrices is a right

conjugate-negacirculant. Since rncirconj ((a, 0, . . . , 0)) rncirconj ((z0, z1, . . . , zn−1)) =

rncirconj ((az0, az1, . . . , azn−1)) for all a ∈ C and (z0, z1, . . . , zn−1) ∈ Cn, the propo-

sition follows. �

Corollary 4.6. Let n be a positive integer. Then RNCirn,conj (C) is a real vector

space under the usual addition and the scalar multiplication.

Proof. Note that rncirconj ((a, 0, . . . , 0)) = aIn for all a ∈ R. By Proposition

4.5, the result follows. �

A necessary and sufficient condition for RNCirn,conj (C) to be a ring is given in

the next theorem.

Theorem 4.7. Let n be a positive integer. Then RNCirn,conj (C) is a subring of

Mn(C) if and only if n = 1 or n is even.

Proof. Suppose n ̸= 1 and n is odd. Let a ∈ C be such that a ̸= a and let

[cij]n×n := rncirconj ((a, a, . . . , a)) rncirconj ((a, a, . . . , a)) .
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Then

c0,0 = a2 −
n−1
2∑

i=1

a · a−
n−1
2∑

i=1

a2

= a2 −
n−1
2∑

i=1

a · a−
n−1
2∑

i=1

a2

̸= a2 −
n+1
2∑

i=1

a · a−
n−3
2∑

i=1

a2

= c1,1.

Hence, rncirconj((a, a, . . . , a))rncirconj((a, a, . . . , a)) /∈ RNCirn,conj (C) . Therefore,

RNCirn,conj (C) is not a subring of Mn (C) .

Conversely, assume that n = 1 or n is even. If n = 1 , then RNCirn,conj (C) ∼=

C ∼= Mn (C) is a ring. Next, we focus on the case where n is even. Let a =

(a0, a1, . . . , an−1), b = (b0, b1, . . . , bn−1) ∈ Cn. It is not difficult to see that

rncirconj(a)− rncirconj(b) = rncirconj(a− b) ∈ RNCirn,conj(C)

Using the arguments similar to those in the proof of Theorem 3.8,

rncirconj(a)rncirconj(b) ∈ R̂NCirn,conj (C) .

Therefore, RNCirn,conj (C) is a subring of Mn(C) . �

In the case where n is even, the ring RNCirn,conj (C) can be characterized using

the quotient skew polynomial ring C[x, conj]/ ⟨xn + 1⟩ .

Theorem 4.8. Let n be an even positive integer. Then RNCirn,conj (C) is isomor-

phic to C[x, conj]/ ⟨xn + 1⟩ as rings.

Proof. Let S : RNCirn,conj (C) → C[x, conj]/ ⟨xn + 1⟩ be defined by

S (rncirconj((z0, z1, . . . , zn−1))) =
n−1∑
i=0

zix
i + ⟨xn + 1⟩ .

Let z = (z0, z1, . . . , zn−1) and w = (w0, w1, . . . , wn−1) be vectors in Cn . Similar

to Theorem 4.4, S is an additive group isomorphism. Let

[cij]n×n := rncirconj(z)rncirconj(w).
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S (rncirconj(z)ncirconj(w)) = S ([cij ]n×n)

= S (rncirconj(c0,0, c0,1, . . . , c0,n−1))

=
n−1∑
i=0

c0,ix
i + ⟨xn + 1⟩

=
n−1∑
i=0

 ∑
i=2j+k

z2jwk

xi +
n−1∑
i=0

 ∑
i=(2j+1)+k

z2jwk

xi

−
n−1∑
i=0

 ∑
i=2j+k(mod n)

z2jwk

xi −
n−1∑
i=0

 ∑
i=(2j+1)+k(mod n)

z2j+1wk

xi

+ ⟨xn + 1⟩

=
n−1∑
i=0

 ∑
i=2j+k

z2jwk

xi +
n−1∑
i=0

 ∑
i=(2j+1)+k

z2j+1wk

xi

+
2n−2∑
i=n

 ∑
i=2j+k(mod n)

z2jwk

xi +
2n−2∑
i=n

 ∑
i=(2j+1)+k(mod n)

z2j+1wk

xi

+ ⟨xn + 1⟩

=
n−1∑
k=0

∑
i=j+k

(
zjx

jwkx
k
)
+

2n−2∑
k=0

∑
i=j+k

(
zjx

jwkx
k
)
+ ⟨xn + 1⟩

=

(
n−1∑
k=0

zkx
k + ⟨xn + 1⟩

)(
n−1∑
k=0

wkx
k + ⟨xn + 1⟩

)

= S (rncirconj(z))S (rncirconj(w)) .

Using the statement similar to those in the proof of Theorem 4.4, S is a

bijection. Hence, S is a ring isomorphism. Therefore, RNCirn,conj (C) is isomorphic

to C[x, conj]/ ⟨xn + 1⟩ 〉 as rings. �

4.3 Isomorphisms

From the previous two sections, the algebraic structures of RCirn,conj (C) and

RNCirn,conj (C) are studied. They are complex vector spaces. In addition, if n is

even, they are also rings. In this section, some relations among them are discussed.

The vector spaces RCirn,conj (C) and RNCirn,conj (C) are isomorphic.

Theorem 4.9. Let n be a positive integer. Then RCirn,conj (C) and RNCirn,conj (C)
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are isomorphic as complex vector spaces, where the scalar multiplication defined

in Propositions 4.1 and 4.5.

Proof It is not difficult to verify that a map ψ : RCirn,conj (C) → RNCirn,conj (C)

defined by

ψ (rcirconj((z0, z1, . . . , zn−1))) = rncirconj((z0, z1, . . . , zn−1)).

is a linear isomorphism. �

From [7, Theorem 3.6], the set Cirn (C) of n×n complex circulant matrices and

the set NCirn (C) of n×n complex negacirculant matrices are isomorphic as rings.

Hence, it would be possible that RCirn,conj (C) and RNCirn,conj (C) are isomorphic.

However, the idea proof of [7, Theorem 3.6] can not be applied. Therefore, we

propose this problem as a conjecture.

Conjecture 4.10. Let n be an even positive integer. Then the rings RCirn,conj (C)

and RNCirn,conj (C) are isomorphic.
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